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0. Introduction

There are important differences between the theories of finite-dimensional and infinite-
dimensional Lie algebras.

First, for finite-dimensional Lie algebras, there are strong classification theorems. As
a result, if you encounter a finite-dimensional Lie algebra, then, by all probability, you
can find full information about it (like name, commonly used notation, description of the
root system and representations, etc.) in various books, not speaking of the Internet. On
the contrary, if an infinite-dimensional algebra arises on your way, then chances are that
it is new. By this reason, a book or a lecture course dedicated to infinite-dimensional
Lie algebras is forced to be concentrated on some particular examples (which may be

3



important by some reasons). Here we will deal mainly with Kac-Moody and Virasoro Lie
algebras (although there exist other classes of infinite-dimensional Lie algebras with well
developed representation theories, for example infinite limits of classical finite-dimensional
Lie algebras, or Lie algebras of vector fields).

Second, there exists a very rigid correspondence between finite-dimensional Lie al-
gebras and Lie groups. From some point of view, the theory of finite-dimensional Lie
algebras has no independent value: it is just an auxiliary counterpart of the Lie groups
theory. These arguments become less convenient in the infinite-dimensional case. To begin
with, not every infinite-dimensional Lie algebra corresponds to an infinite-dimensional Lie
group. Groups, in particular Lie groups, usually arise as groups of symmetries. But in the
infinite-dimensional case, we often consider rather Lie algebra of infinitesimal symmetries
than Lie group of symmetries; it is quite common in the quantum physics, for example.

1. Generalities
1.1. Main objects.

1.1.1. Lie algebras we consider. If the other is not stated, our ground field usually
will be C (or, if you prefer, any algebraically closed field of characteristic 0). Actually,
almost all Lie algebras that we will consider will be complexifications of real Lie algebras.

Let g be a Lie algebra. A representation of g (aka a module over g or a g-module) is a
vector space V with a linear map ρ: g→ EndV such that ρ([g, h]) = ρ(g)◦ρ(h)−ρ(h)◦ρ(g).
When possible, we abbreviate [ρ(g)](v) to gv.

Regarding the Lie algebra g we always assume the existence of a vector space decom-
position g = n− ⊕ h ⊕ n+ into the sum of three Lie subalgebras of g with the following
properties: [h, h] = 0 (that is, h is commutative), [h, n±] ⊂ n± (in all our examples,
= n±); usually, dim h is finite; it is called the rank of g. These assumptions imply that
h ⊕ n± is a Lie subalgebra of g and that the projections h ⊕ n± → h are Lie homo-
morphisms. A characteristic example: g = {matrices}, h = {diagonal matrices}, n± =
{(upper and lower) triangular matrices}.

Later we will impose further conditions on the decomposition g = n− ⊕ h ⊕ n+, but
for the construction below they are not needed.

1.1.2. Verma modules. Let λ ∈ h∗. Then there arises a one dimensional h-module
Cλ = {Cλ = C, hz = λ(h) · z}. The projection h ⊕ n+ → h makes Cλ a (still one-
dimensional) module over h ⊕ n+ (gz = 0 for g ∈ n+). By definition, the Verma module
(of type λ) is

Ind
g
h⊕n+

Cλ,

the induced g-module (explanations are given in Section 1.1.3 below).

1.1.3. The explanation of Ind.

1.1.3.1. First informal explanation of Ind. Let b ⊂ a be a pair of Lie algebras,
and let V be a b-module. How to extend this b-module structure to a a-module structure?
Indeed, if v ∈ V and g ∈ a− b, then where is gv? Mathematicians know how to deal with
this situation: just introduce the notation gv and append this gv to V . (This reminds a
known Riussian children’s poem: “it is very easy to build a house: just draw it and live in
it!”)
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But there arises a difficulty. It is possible that, say, g, g′ ∈ a−b, but g′−g ∈ b. So, the
difference between appended gv and g′v should be equal to the existing (g′− g)v. Dealing
with this requires some reasonable factorization. Then, certainly, we will have to apply
elements of a−b to these appended gv, and so on. Fortunately, there exists a construction
in algebra, which provides a formalization of the operation of inducing.

1.1.3.2. The enveloping algebra of a Lie algebra. Let g be a Lie algebra.
Consider the tensor algebra T (g) = C⊕g⊕(g⊗g)⊕. . . =

⊕∞
n=0⊗ng (with the multiplication

⊗; in the definition of T (g), g participates as a vector space, not as a Lie algebra). Let
I ⊂ T (g) be a two-sided ideal generated by all g′⊗g′′−g′′⊗g′−[g′, g′′] ∈ g⊕(g⊗g) ⊂ T (g).
The quotient U(g) = T (g)/I is the universal enveloping algebra of g. It is a unitary
associative algebra.

A matter of notations: the image of g1 ⊗ . . . ⊗ gn in U(g) is denoted as g1 . . . gn.
Obviously, if g 6= 0, then dimU(g) =∞. There is a way of describing a basis in U(g).

Proposition 1.1. Let g1, g2, g3, . . . be a (finite or infinite) ordered basis in g. Then
monomials

gi1gi2 . . . gin (n ≥ 0, i1 ≤ i2 ≤ . . . ≤ in) (1)

form a basis in U(g).

Proof. The fact that monomials (1) span U(g), is obvious: we can reorders letters in
a monomial gj1 . . . gjn at the expense of shorter monomials:

gj1 . . .︸ ︷︷ ︸ gjkgjk+1
. . . gjn︸ ︷︷ ︸ = gj1 . . .︸ ︷︷ ︸ gjk+1

gjk . . . gjn︸ ︷︷ ︸+ gj1 . . .︸ ︷︷ ︸[gjk , gjk+1
] . . . gjn︸ ︷︷ ︸ .

The fact that monomials (1) are linearly independent may seem obvious, but actually
it is not. This fact is called the Poincaré-Birghoff-Witt theorem (briefly, PBW), and its
one-page long proof is contained in all major textbooks on Lie theory. I will not prove it
here but will often use it (usually, implicitly).

PBW has a basis-free statement. Let Un(g) ⊂ U(g) be a subspace spanned by mono-
mials of length ≤ n. Then

C · 1 = U0(g) ⊂ U1(g) ⊂ U2(g) ⊂ . . . ⊂ U(g)

is a multiplicative (Ui(g)Uj(g) ⊂ Ui+j(g)) filtration. Consider the map σn:Sn(g) →
Un(g) ⊂ U(g), σn(g1g2 . . . gn) = Symm(g1g2 . . . gn).

Proposition 1.2. (PBW). The composition

Sn(g)
σn−−→Un(g)

proj.−−→Un(g)/Un−1(g)

is an isomorphism.

Corollary 1.3. U(g) has no zero divisors.

Proof. If 0 6= a, 0 6= b ∈ U(g) and p, q are maximal integers with a ∈ Up(g), b ∈ Uq(g),
then the image of ab in Sp+qg = Up+q(g)/Up+q−1(g) is the product of the (non-zero) images
of a and b in Sp(g) and Sq(g) and hence ab 6= 0.
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Proposition 1.4. (Tautology) A g-module is the same as a (left) U(g)-module in
the sense of usual module theory.

1.1.3.3. A rigorous definition of Ind. The operation of inducing becomes a habit-
ual operation of a ring extension (the most known example of which is the complexification
of real vector spaces):

Indab V = U(a)⊗U(b) V

(here V is a left U(b)-module, U(a) is a two-sided U(a)-module, hence a left U(a)-module
and a right U(b)-module; thus, U(a)⊗U(b) V is a left U(a)-module).

There exists a “dual” operation of “co-inducing,”

Coindba V = HomU(a)(U(b), V ),

which turns a right b-module into a left a-module. It is unlikely that we will ever need
this operation.

1.1.4. A deviation for the algebra fans. Those who do not belong to the com-
munity described in the title may skip this section.

There exist less explicit, but more spectacular, descriptions of universal enveloping
algebras and, separately, the operations of inducing and co-inducing in the language of the
category theory. Let C and D be categories, and F :D → C and G: C → D be functors.
Suppose that for every pair of objects A ∈ Ob C), B ∈ Ob(D) there exist a bijection

ιA,B : C(FB,A)→ D(B,GA)

natural with respect to A and B (that is, diagrams induced by morphisms of C and D are
commutative). Then F is called left adjoint to G and G is called right adjoint to F .

Many famous mathematical constructions (some of them are not obvious) can be
described very briefly in the language of adjoint functors. For example, completion of
metric spaces is just a functor from the category M of metric spaces into the category of
complete metric spaces M̂ is just the left adjoint to the embedding M̂ →M.

Let Lie be the category of Lie algebras and Ass be the category of (unital) associative
algebras. There is a natural functor Ass → Lie, which assigns to an associative algebra
the Lie algebra with the same space and the operation [A,B] = AB − BA. The fact is
that this functor possesses a right adjoint, and this right adjoint assigns to a Lie algebra
its universal enveloping algebra (this is Exercise 6.2).

Another popular notion of the category theory (in some sense, more general than that
of adjointness) is the notion of an initial (a terminal) object of a category. For a fixed
b-module V consider the category of a-modules, which contain V as a b-submodule. Then

Indab V is an initial object of this category. Similarly Coindba V is a terminal object of the
category of a-modules equipped with a b-projection onto V .

1.2. More about Verma modules.

1.2.1. The structure of Verma modules. As a U(n−)-module, M(λ) is a free
module with one generator, which we denote as vλ or simply v and call a vacuum vector.
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Notice that Cv is the n−-module Cλ (see Section 1.1.2), from which M(λ) was obtained by
inducing; it has to be contained in M(λ) by the construction of inducing (Sections 1.1.3
and 1.1.4). As a g-module, M(λ) has additional properties:

hv = λ(h) · v for h ∈ h, gv = 0 for g ∈ n+.

These properties determine M(λ) as a g-module. Indeed, to compute g(g1 . . . gnv) (where
g ∈ g and g1, . . . gn ∈ n−), we move, using the commutation relations, g from left to the
right, and when it reaches v we apply it to v, using the rules above (see the example in
Section 1.2.3 below).

An important remark: a non-zero module homomorphism ϕ:M(µ)→M(λ) must be
an embedding. Indeed, if ϕ(vµ) = αvλ, α ∈ U(n−), then ϕ(βvµ) = βαvλ which is not zero,
if α 6= 0, β 6= 0 since U(n−) has no zero divisors (see Section 1.1.3.2).

1.2.2. Why Verma modules are important. Let V be an arbitrary representation
of g. A non-zero vector w ∈ V is called a singular vector of type λ ∈ h∗, if n+w = 0 and
hw = λ(h) · w for every h ∈ h. Example: vλ is a singular vector of Mλ of type λ. Natural
conditions which we are going to impose on g and V will guarantee the existence of singular
vector(s) in V (see Proposition 1.8). For a singular vector w ∈ V of type λ, there arises
a module homomorphism M(λ) → V, v 7→ w. The image of this homomorphism is a
submodule of V , and if V is irreducible, then V becomes an image of M(λ), hence the
quotient of M(λ) over the maximal proper submodule of M(λ). In particular, if M(λ) is
irreducible, then V = M(λ). This gives a classification of all irreducible representations
of g (satisfying the natural conditions promised above); these irreducible representations
appear labeled by h∗ (these labels are called highest weights).

This shows the importance of two problems.

Problem (1). For which λ is M(λ) reducible?

Problem (2). If M(λ) is reducible, then what is its maximal submodule 6= M(λ)?

Problem (1) has been solved for all major cases, and we will discuss the solution in
these lectures. Problem (2) is solved only partially (this part being considerable). We will
also discuss some results of this kind.

1.2.3. An example; sl(2) as always. The Lie algebra sl(2) is 3-dimensional and is
spanned by

f =

[
0 0
1 0

]
, h =

[
1 0
0 −1

]
, e =

[
0 1
0 0

]
;

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h;

sl(2) = (C · f)⊕ (C · h)⊕ (C · e) = n− ⊕ h⊕ n+.

Let λ ∈ h∗ = C (we identify λ ∈ h∗ with λ(h) ∈ C). The Verma module M(λ) has a basis
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{fnv | n = 0, 1, 2, . . .}. Action of sl(2):

f(fnv) = fn+1v;

h(fnv) = hffn−1v = fhfn−1v − 2fnv = f2hfn−2v − 4fnv = . . .

= fnhv − 2nfnv = (λ− 2n)fnv;

e(fn)v = fefn−1v + hfn−1v = f2efn−2v + fhfn−2v + hfn−1v = . . .

= fnev + fn−1hv + fn−2hfv + . . .+ hfn−1v

= [λ+ (λ− 2) + (λ− 4) + . . .+ (λ− 2(n− 1))]fn−1v

= [nλ− n(n− 1)]fn−1v = n(λ− (n− 1))fn−1v.

A submodule L of M(λ) must be also an h-submodule. Since our basis in M(λ) consists
of eigenvectors of h, L must be spanned by a subset of the basis. Since L must be
invariant with respect to f , it must contain, together with a fnv, all fmv with m > n.
Thus, L is spanned by fnv, fn+1v, fn+2v, . . .. The case n = 0 is not interesting (then
L = M(λ)). Otherwise, fn−1v /∈ L, and efnv = n(λ − (n − 1))fn−1v must be zero, that
is, λ = n− 1⇒ λ ∈ Z≥0.

We see that the Verma module M(λ) is reducible if and only if λ is a non-negative
integer. Hence, irreducible sl(2)-modules containing singular vectors are: (1) Verma mod-
ules M(λ) with λ /∈ Z≥0; (2) quotients M(n − 1)/L where n is a positive integer and L
is the submodule of M(n− 1) constructed above. The latter is n-dimensional, has a basis
v, fv, . . . , fn−1v such that ev = 0, f(fn−1v) = 0.

It is not hard to prove that every finite-dimensional sl(2)-module contains a singu-
lar vector. (Indeed, if V is a finite-dimensional sl(2)-module, then h:V → V has an
eigenvector, let it be v, hv = λv. Then hev = ehv + 2ev = (λ + 2)ev, and, similarly,
h(e2v) = (λ + 4)e2v, h(e3v) = (λ + 6)e2v, . . .. Since h:V → V has finitely many eigen-
values, some ekv should be zero, and the last non-zero ekv is a singular vector.) Thus,
our classification covers, in particular, all finite-dimensional modules, and we get a well
known result: for every dimension, there is precisely one isomorphism class of irreducible
representations of sl(2).

Notice also that there are sl(2)-modules without singular vectors. The easiest example
can be obtained from the formulas above by adding a constant to the coefficient at efnv.
For λ, µ ∈ C, let K(λ, µ) be the vector space with the basis vn, n ∈ Z and the structure of
an sl(2)-module defined by the formulas

hvn = (λ+ 2n)vn,

fvn = vn−1,

evn = (−n(λ+ n+ 1) + µ)vn+1

It is possible to make this formulas more symmetric with respect to the parameters by a
notation change. Namely, let J(α, β) be the vector space with a basis vn, n ∈ Z with

hvn = (2n+ α− β)vn,

evn = (α+ n)vn+1,

fvn = (β − n)vn−1.
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If α is not an integer, then the module J(α, β) does not contain singular vectors; if neither
α, nor β is an integer, then the sl(2)-module J(α, β) is irreducible. For more properties of
the sl(2)-modules J(α, β) and K(λ, µ), see Exercise 6.4.

1.2.4. Final remarks. (1) It is not hard to extend these results to sl(3), sl(4), etc.
We will do much more.

(2) We will show (under some natural conditions imposed on g) that the module M(λ)
is reducible if and only if it contains a singular vector not in Cv (equivalently: not of type
λ) – see Proposition 1.8 in Section 1.3.3.

1.3. Roots and weights.
It is time to formulate further restrictions on Lie algebra and modules considered.

1.3.1. Roots. Let g be a Lie algebra and h be its finite-dimensional commutative
subalgebra (that is, [h, h′] = 0 for all h, h′ ∈ h).

For 0 6= α ∈ h∗, we put

gα = {g ∈ g | [h, g] = α(h) · g for all h ∈ h}.

If gα 6= 0, then we call α a root (of g), call gα a root space, and call non-zero vectors from
gα root vectors. The dimension of the space gα is called the multiplicity of the root α and
is denoted as multα. The set of all roots is denoted by ∆.

Obviously, if α, α′ ∈ ∆ and g ∈ gα, g
′ ∈ gα′ , then either [g, g′] = 0, or α+ α′ ∈ ∆ and

[g, g′] ∈ gα+α′ . (Indeed, [h, [g, g′]] = [[h, g], g′] + [g, [h, g′]] = (α(h) + α′(h))[g, g′].)
Our main assumption (“diagonalizability of h”) is that dim gα <∞ for all α ∈ ∆ and

g = h⊕
⊕
α∈∆

gα. (2)

Remark. It follows from the condition (2) that h is a maximal commutative subal-
gebra of g, that is, it is not contained in a bigger commutative subalgebra. Indeed, let
[ĥ, h] = 0 and let ĥ involve a non-zero component in some gα. If α(h) 6= 0, then [ĥ, h]
cannot be 0.

Let c be the center of g (that is, {c ∈ g | [c, g] = 0 for all g ∈ g}). Two things are
obvious: first, c ⊂ h (follows immediately from (2)); second, any root is zero on c. In other
words, roots are elements of (h/c)∗ ⊂ h∗. We put dim h− dim c = n.

A further assumption says that every gα is contained either in n+ or in n+. Accord-
ingly, the root α is called positive or negative, and the set of positive (negative) roots is
denoted as ∆+ (∆−). Thus

n± =
⊕
α∈∆±

gα.

The two sets ∆+ and ∆− are supposed to be symmetric to each other: {α ∈ ∆+} ⇐⇒
{−α ∈ ∆−}.

A positive root α is called simple, if it is not the sum of two positive roots. In all
our examples below, there will exist n = rank g simple positive roots, α1, . . . , αn, and
every positive (negative) root is a positive (negative) integral linear combination of simple
positive roots.
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We will also use notation ∆̃ for the set of roots with multiplicities, that is, every root
α appears in ∆̃ dim gα times. We also will use notations ∆̃+, ∆̃− in a similar sense.

More notations: Λ (Λ+, Λ−) is the set of all (all non-negative, all non-positive) integral
linear combinations of α1, . . . , αn.

Obviously, c =
n⋂
i=1

Kerαi.

Example. Let g = gl(n + 1) = {all complex (n + 1) × (n + 1) matrices} and h =
{diagonal matrices}. Then c = {scalar matrices} and the notation n matches the same
notation above. The roots are αij , (i 6= j), αij(diag(λ1, . . . , λn+1)) = λi − λj . The space
gαij is one-dimensional and consists of all matrices with all entries, except (possibly) the
(ij)-entry, are zeroes. We declare the roots αi = αi,i+1, i = 1, . . . , n simple. Then

αij =

{
αi + . . .+ αj−1, if i < j
−αj − . . .− αi−1, if i > j.

Thus, positive (negative) roots are αij with i < j (i > j) and n+ (n−) is the space of
strictly upper (lower) triangular matrices.

1.3.2. Weights. Let g be as above and A be a g-module. For a β ∈ h∗, we set

Aβ = {a ∈ A | ha = β(h) · a for all h ∈ h},

and if Aβ 6= 0, we call β a weight of A; the spaces Aβ are called weight spaces. (Thus,
roots of g and zero are weights of the adjoint representation of g in itself.) We will usually
assume that dimAβ <∞ for all β and that A satisfies the h-diagonalizbility condition,

A =
⊕

β∈{weights}

Aβ . (3)

Proposition 1.5. If a g-module A satisfies the diagonalizibity condition (3), then
every submodule B of A satisfies this condition. More exactly: B =

⊕
β(B ∩Aβ).

Proof. Let b ∈ B. Then b = a1 + . . .+ ak where ai ∈ Aβi , all βi are different. Choose
an h ∈ h such that all βi(h) (with βi 6= 0) are different from 0. Then for all N ,

hNb = hNa1 + . . .+ hNak = β1(h)Na1 + . . .+ βk(h)kak ∈ B,

which implies ai ∈ B for all i (except, possibly, ai with ai ∈ A0, but this ai is also in B,
because a1 + . . .+ ak ∈ B).

Proposition 1.6. If a ∈ Aβ and g ∈ gα, then ga ∈ Aβ+α.

Proof. For h ∈ h,

h(ga) = g(ha) + [h, g]a = g(β(h)a) + (α(h)g)(a) = (β(h) + α(h))ga.

Corollary 1.7. The set of weights of a Verma module M(λ), λ ∈ h∗ is λ + Λ−.
Moreover, M(λ)λ = Cvλ.
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Proposition shows that for any weight β of A, the sum B =
⊕

γ∈β+Λ

Aγ is a (non-zero)

submodule of A. Thus, if A is irreducible then B should be equal to A, which means that
all the weights of A are contained in some lattice β + Λ ⊂ h∗.

1.3.3. Modules virtually nilpotent over n+. A g-module A is called virtually
nilpotent over n+, if for every a ∈ A there exists a k ≥ 0 such that g1 . . . gka = 0 for all
g1, . . . , gk ∈ n+. For example, finite-dimensional modules are virtually nilpotent over n+.

Proposition 1.8. Verma modules are virtually nilpotent over n+.

Proof. This follows from Corollary 1.7. Indeed, for a µ ∈ Λ−, there exists a k such
that µ + λ1 + . . . + λk /∈ Λ− for any non-zero λ1, . . . , λk ∈ Λ+. Hence, if a ∈ M(λ)λ+µ,
then g1 . . . gka = 0 for any g1, . . . , gk ∈ n+.

Proposition 1.9. Let A be a virtually nilpotent over n+ g-module with at least one
non-zero weight space Aβ (for example, satisfying the diagonalizibility condition).Then A
contains a singular vector. Moreover, if Aβ 6= 0, then there is a singular vector of type
β + α with α ∈ Λ+.

Proof. Take a non-zero a ∈ Aβ and choose a k ≥ 0 as in the definition of the
virtual nilpotency. We choose this k minimal possible, so if k > 0, then there exist
g1, . . . , gk−1 ∈ n+ such that g1 . . . gk−1a 6= 0 (if k = 0, then a is a singular vector itself).
Without loss of generality, we may assume that every gi (1 ≤ i ≤ k − 1) belongs to some
gγi with γi ∈ ∆+. Then b = g1 . . . gk−1a ∈ Aβ+α, α = γ1 + . . . + γk−1 ∈ Λ+ and gb = 0
for every g ∈ n+. Hence, b is a singular vector of type β + α.

Now, let us prove a proposition promised in Section 1.2.4.

Proposition 1.10. A Verma module M(λ) is reducible if and only if it contains a
singular vector not in Cvλ.

Proof. If M(λ) contains a singular vector w of type 6= λ, that is of type λ + α, 0 6=
α ∈ Λ−, then there arises a non-zero homomorphism (hence an embedding, this is not
important now) M(λ + α) → m(λ) whose image is a non-zero submodule of M(λ) which
is contained contained in

⊕
β∈λ+α+Λ−

M(λ)β and hence does not contain vλ; hence M(λ) is

reducible. Conversely, if M(λ) contains a proper submodule L, then L must be virtually
nilpotent over n+ (since M(λ) is) and hence contain a singular vector. This singular vector
cannot be proportional to vλ, because vλ generates the whole M(λ).

2. Kac-Moody algebras,

de�nition, examples, and rough classi�cation

2.1. Definition.
There are several more or less equivalent definitions of Kac-Moody algebras and several

possible levels of generality. Our definition is close to that from the original work of Kac
[1], and our level of generality is somewhat above average. We begin with a “simplified”
definition, which will be slightly modified below, in Section 2.3.2. We will show there that
this modification will almost not affect the material preceding it.

2.1.1. Generators and relations. We assume fixed some n× n matrix A = ‖aij‖
which will be called the Cartan matrix. The diagonal entries of A are all equal to 2, all
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the non-diagonal entries are non-positive integers. The matrix will be assumed irreducible
in the sense that it cannot be made block-diagonal (with non-zero blocks) by applying the
same permutation to rows and columns. Also we suppose that the matrix is symmetrizable
in the sense that there exist non-singular integral diagonal matrix D such that A = DAsym

where the matrix Asym = ‖asym
ij ‖, a

sym
ij =

aij
di

is symmetric. In other words, there are non-

zero integers d1, . . . , dn such that djaij = diaji for all i, j. An additional assumption that
di are positive integers with gcd(d1, . . . , dn) = 1 (which we impose) makes these numbers
unique. The symmetrizability condition implies that the entries aij , aji are zeroes or non-
zeroes simultaneously.

Our Lie algebra will have 3n (linearly independent) generators

e1, . . . , en;h1, . . . hn; f1, . . . , fn

(these notations may remind of our description of sl(2); no wonder, the whole construction
below is a sort of generalization of that description), satisfying the following relations.

(1) [hi, hj ] = 0;
(2) [hi, ej ] = aijej ;
(3) [hi, fj ] = −aijfj ;

(4) [ei, fj ] =

{
0, if i 6= j,
hi, if i = j;

(5) [ei, [. . . , [ei︸ ︷︷ ︸
k

, ej ] . . .] = 0, if k > −aij ;

(6) similar to (5) for f ′s.

The Lie algebra g is called a Kac-Moody algebra and is sometimes denoted as g(A).
The number n is called the rank of g(A).

Remark. In the most general definition of Kac-Moody algebras the Cartan matrix is
just arbitrary complex n×n matrix; sometimes it is supposed to be symmetrizable. Main
difficulty arising in this general approach is that relations (5) and (6) must be reformulated
in a form which is far from being explicit.

2.1.2. Decomposition g(A) = n−⊕ h⊕ n+. Subalgebras of g(A) generated, respec-
tively, by f1, . . . , fn, by h1, . . . , hn, and by e1, . . . , en are denoted by n−, h, and n+.

Proposition 2.1. The Lie algebra g(A) is the direct sum of Lie subalgebras n−, h,
and n+, and all the properties stated in Section 1.1.1 hold. (Certainly, h is just the n-
dimensional commutative Lie algebra spanned by h1, . . . , hn.)

Proof. It follows from the Jacobi identity that if a Lie algebra g is generated by a
system {g1, g2, . . . , gn} then it is spanned by monomials of the form [gi1 , [gi2 , [. . . , gik ] . . .]]],
for which we use a shorter notation [gi1 , gi2 , . . . , gik ] (for example, [[a, b], [c, d]] = [a, b, c, d]−
[b, a, c, d]. The Jacobi identity takes the form

[h, g1, g2, . . . , gn] = [[h, g1], g2, . . . , gn] + [g1, [h, g2], g3, . . . , gn] + . . .+ [g1, . . . , gn−1, [h, gn]].

From this identity and relations (1) - (4) above, we obtain

[hi, ej1 , . . . , ejk ] = (aij1 + . . .+ aijk)[ej1 , . . . , ejk ],
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similar for [hi, fj1 , . . . , fjk ],

[fi, ej1 , . . . , ejk ] = δij1 [hi, ej2 , . . . , ejk ]+δij2 [ej1 , hi, ej3 , . . . , ejk ]+ . . .+δijk [ej1 , . . . , ejk−1,hi ],

and similar for [ei, fj1 , . . . , fjk ]. Using these equalities, we can transform (moving from
the right to the left) any monomial [g1, . . . , gk], where every gi is one of the generators
e1, . . . , en, h1, . . . hn, f1, . . . , fn to the sum of elements of n−, h and n+.

2.1.3. Center of g(A). We do not assume that the matrix A is non-degenerate;
moreover, it will be degenerate in the most important for us cases. In the degenerate case,
the algebra g(A) has a non-zero center c(A): it consists of linear combinations

∑
i kihi for

which
∑
i kiaij = 0 for all j.

2.2 Examples.

2.2.1. sl(3). Let A =

[
2 −1
−1 2

]
. Since the matrix A is non-degenerate, the Lie

algebra g(A) is generated by e1, e2, h1, h2, f1, f2 while n+ is generated by e1, e2 with rela-
tions [e1, [e1, e2] ] = 0, [e2, [e2, e1] ] = 0. This implies .that n+ is spanned by e1, e2, [e1, e2],
and hence dim n+ ≤ 3; similarly, dim n− ≤ 3, and hence dim g(A) ≤ 8. Let us show that
actually dim g(A) = 8 and g(A) ∼= sl(3). For this purpose, we identify in sl(3) six elements
which we will denote again by e1, e2, h1, h2, f1, f2:

e1 =

 0 1 0
0 0 0
0 0 0

 , e2 =

 0 0 0
0 0 1
0 0 0

 , h1 =

 1 0 0
0 −1 0
0 0 0

 , h2 =

 0 0 0
0 1 0
0 0 −1

 ,
f1 =

 0 0 0
1 0 0
0 0 0

 , f2 =

 0 0 0
0 0 0
0 1 0

 .
An immediate check shows that these elements present a system of generators for sl(3)
and satisfy all relations imposed in Section 2.1 (with A as above). Hence, if we assign to
e1, e2, h1, h2, f1, f2 ∈ g(A) the elements of sl(3) bearing the same notations, we will obtain
a homomorphism g(A) → sl(3) which is onto since it covers all the generators and is 1–1
since dim sl(3) = 8.

2.2.2. so(5). Let A =

[
2 −1
−2 2

]
. Obviously, A is symmetrizable (with d1 = 1, d2 =

2). Also A is non-degenerate, hence g(A) is generated by e1, e2, h1, h2, f1, f2, and n+ is gen-
erated by e1, e2. The relations now are [e1, [e1, e2] ] = 0, [e2, [e2, [e2, e1] ] ] = 0 which implies
that n+ is spanned by e1, e2, [e1, e2], and [e2, [e2, e1] ] (we notice that , [e1, [e2, [e2, e1] ] ] =
[ [e1, e2], [e2, e1] ] + [e2, [e1, [e2, e1] ] ] = 0). Hence, dim n+ ≤ 4 and dim g(A) ≤ 10.

Actually, the Lie algebra g(A) is isomorphic to the Lie algebra so(5,C) of (complex)
skew-symmetric 5 × 5 matrices. To prove this, we need to specify in so(5,C) 6 matrices,
which we again denote by e1, e2, h1, h2, f1, f2. We use the notation Dk,` (1 ≤ k < ` ≤ 5) for
the skew symmetric 5× 5 matrix ‖aij‖ with ak` = −a`k = 1 and aij = 0 if {i, j} 6= {k, `}.
We put

e1 = D15+iD25, e2 = D35+iD45, h1 = 2iD12, h2 = 2iD34, f1 = D15−iD25, f2 = D35−iD45.
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It is easy to check that these e1, e2, h1, h2, f1, f2 generate so(5) and satisfy all the
relations of g(A). This provides a homomorphism of g(A) onto so(5) and this is an isomor-
phism, since dim g(A) ≤ 10 = dim so(5). (We leave the details to the reader as Exercise
6.6.)

2.2.3. G2. Let A =

[
2 −1
−3 2

]
. Again, A is symmetrizable (with d1 = 1, d2 = 3)

and non-degenerate, g(A) is generated by e1, e2, h1, h2, f1, f2, and n+ is generated by e1, e2

with the relations [e1, [e1, e2] ] = 0, [e2, [e2, [e2, [e2, e1] ] ] ] = 0. It is not hard to show that
n+ is spanned in this case by 6 vectors:

e1, e2, [e1, e2], [e2, [e2, e1] ], [e2, [e2, [e2, e1] ] ], [e1, [e2, [e2, [e2, e1] ] ] ].

Hence, dim n+ ≤ 6 and dim g(A) ≤ 14.

It is not hard to prove (Exercise 6.7) that actually dim g(A) = 14 and g(A) is the
exceptional Lie algebra G2. To do this, it is even not necessary to know what G2 is.
Using elementary tools from the Lie theory one can prove that there exists (up to an
isomorphism) only four simple (non-commutative) complex Lie algebras of dimension ≤ 14:
sl(2), sl(3), so(5), and one more Lie algebra of dimension 14 (which is denoted asG2). Hence
this 14-dimensional algebra is g(A).

2.2.4. A1
1. Let A =

[
2 −2
−2 2

]
. This matrix is degenerate, thus g(A) has a center,

and this center is 1-dimensional and spanned by h1 +h2. Hence, the Lie algebra g(A)/c(A)
is generated by e1, e2, h, f1, f2 where h is represented by h1 or −h2. For the reader’s
convenience sake, we list all the defining relations for these generators:

[e1, f1] = h, [e2, f2] = −h, [e1, f2] = [e2, f1] = 0,

[h, e1] = 2e1, [h, e2] = −2e2, [h, f1] = −2f1, [h, f2] = 2f2,

[e1, [e1, [e1, e2] ] ] = 0, [e2, [e2, [e2, e1] ] ] = 0, [f1, [f1, [f1, f2] ] ] = 0, [f2, [f2, [f2, f1] ] ] = 0

We will construct an infinite-dimensional Lie algebra which is isomorphic to g(A)/c(A).
This is the Lie algebra sl(2)⊗C[t, t−1]; the elements of this Lie algebra are 2× 2 matrices[
p11(t) p12(t)
p21(t) −p11(t)

]
whose entries are complex polynomials in one variable t with negative

powers allowed (differently, polynomial functions in C∗ = C − {0}). We will single out 5
elements of this Lie algebra:

e1 =

[
0 1
0 0

]
, e2 =

[
0 0
t 0

]
, h =

[
1 0
0 −1

]
, f1 =

[
0 0
1 0

]
, f2 =

[
0 t−1

0 0

]
.

It is easy to check that these matrices generate sl(2) ⊗ C[t, t−1] and satisfy all the above
relations. This gives a homomorphism g00(A) → sl(2) ⊗ C[t, t−1]) which is onto since it
cover all generators.

Actually, this homomorphism is an isomorphism (it is Exercise 6.8). The Kac-Moody
algebra of this example has a canonical notation A1

1.
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2.2.5. A2
2. Let A =

[
2 −1
−4 2

]
. As in Section 2.2.4, the matrix A is degenerate,

and there is a one-dimensional center c(A); it is spanned by 2h1 + h2. As before, the Lie
algebra g(A)/c(A) is generated by e1, e2, h, f1, f2 where h is represented by 2h1 or −h2,
and the relations are

[e1, f1] = h/2, [e2, f2] = −h, [e1, f2] = [e2, f1] = 0,

[h, e1] = 4e1, [h, e2] = −2e2, [h, f1] = −4f1, [h, f2] = 2f2,

[e1, [e1, e2] ] = 0, [e2, [e2, [e2, [e2, [e2, e1] ] ] ] ] = 0,

[f1, [f1, f2] ] = 0, [f2, [f2, [f2, [f2, [f2, f1] ] ] ] ] = 0

Here is a construction of an infinite-dimensional Lie algebra isomorphic to g(A)/c(A).
This is the Lie algebra of 3× 3 matrices ‖pij(t)‖ whose entries belong to C[t, t−1] with the
following additional properties:

p11(t) + p22(t) + p33(t) = 0; pij(t) = −pji(−t).

In other words, elements of this Lie algebras are finite sums Akt
k where Ak are traceless

3 × 3 matrices and in addition to that every matrix Ak is symmetric, if k is odd, and
skew-symmetric, if k is even. The commutator is given by the usual formula. Let

e1 =

 1 0 i
0 0 0
i 0 −1

 · t, f1 =

−1 0 i
0 0 0
i 0 1

 · t−1,

e2 =

 0 1 0
−1 0 i

0 −i 0

 , h =

 0 0 2i
0 0 0
−2i 0 0

 , f2 =

 0 −1 0
1 0 i
0 −i 0

 .
Again, it is not hard to check that these e1, . . . , f2 generate our Lie algebra and satisfy the
above relations, so there arises a homomorphism of g(A)/c onto Lie algebra constructed.

Actually, this is an isomorphism (Exercise 6.9).

The canonical notation for the Lie algebra of this example is A2
2.

2.3. Roots.
2.3.1. Grading. Kac-Moody algebras of rank n have a natural n-grading (that

is, a grading by n integers): g(A) =
∑

k1,...,kn

g(A)k1,...,kn . Namely, we assign degrees to

generators:

deg hi = (0, . . . , 0),deg ej = (0, . . . , 0, 1
j
, 0 . . . , 0),deg fj = (0, . . . , 0,−1

j
, 0 . . . , 0))

This gives rise to our grading: g0,...,0 = h, monomials [ej1 , . . . , ejk ] with
∑

deg eji =
(k1, . . . , kn) span g(A)k1,...,kn , while monomials [fj1 , . . . , fjk ] with

∑
deg fji = (k1, . . . , kn)
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span g(A)k1,...,kn . Thus n+ is the sum of g(A)k1,...,kn with all k1, . . . , kn non-negative (and
not all zero), and n− is the sum of g(A)k1,...,kn with all k1, . . . , kn non-positive. If the set
k1, . . . , kn contains both positive and negative numbers, then g(A)k1,...,kn = 0.

According to formulas in Sections 2.1.1 and 2.1.2, for every g ∈ g(A)k1,...,kn , [hi, g] =(∑
j aijkj

)
g. Thus, according to the definition in Section 1.3.3, every g ∈ g(A)k1,...,kn is

a root vector corresponding to the root hi 7→
∑
aijkj . However, an inconvenience appears

in the case, when g(A) has a nontrivial center: vectors in different spaces g(A)k1,...,kn ,
g(A)k′1,...,k′n can correspond to the same root (this happens when

∑
j(kj − k′j)aij = 0 for

all i). Thus, if we follow the definition of Section 1.3.1, we have to admit that the root
spaces may be not the individual spaces g(A)k1,...,kn , but the sums of two or more such
spaces.

2.3.2. A modification of the construction of g(A). To avoid this inconvenience,
we have to modify the definition of the Kac-Moody algebra. Our modification will not
affect the parts n+ and n−, but will expand the part h. The new h will be a direct sum of
the old h and a copy of c(A). Thus, the new h we contain linearly independent h1, . . . , hn,
and also vectors c`1,...,`n for every sequence `1, . . . , `n such that

∑
i `iaij = 0 for all j.

From now on, we use the notation h for this expanded space. The relation (1) in Section
2.1.1 is expanded to the statement that all the commutators in (expanded) h are zeroes,
the relations (2) - (6) remain unchanged, and two new relations appear:

(7) [c`1,...,`n , ej ] = `jej ;
(8) [c`1,...,`n , fj ] = −`jfj .

Hence, for g ∈ g(A)k1,...,kn , [c`1,...,`n , g] =
(∑

j ki`j

)
g.

Notice that in the case of non-degenerate matrix A our modification does not change
anything.

We introduce simple positive roots α1, . . . , αn ∈ h∗ by the formulas

αj(hi) = aij , αj(c`1,...,`n) = `j .

Obviously, α1, . . . , αn are linearly independent.

Poroposition 2.1. Roots of g(A) are precisely non-zero integral linear combinations
k1α1 + . . . + knαn such that g(A)k1,...,kn 6= 0. Moreover, g(A)k1,...,kn is the root space of
the root k1α1 + . . .+ knαn.

Proof. Indeed, for α = k1α1 + . . . + knαn and g ∈ g(A)k1,...,kn , [hi, g] =
∑
j aijkj =

α(hi)g and [c`1,...,`n , g] =
(∑

j kj`j

)
g = α(c`1,...,`n)g.

Sometimes, in particular, in Section 2.3.2, we will abbreviate the notation α = k1α1 +
. . .+ knαn to k1, . . . , kn.

2.3.3. Root systems for the examples in Section 2.2. Constructions of the five
Kac-Moody algebras of rank 2 in Section 2.2 contain the explicit description of bases, which
can be regarded as descriptions of system of roots in the sense of the previous section. Here
they are:

Roots of sl(3): (0, 1), (1, 0), (1, 1); (0,−1), (−1, 0), (−1,−1).
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Roots of so(5): (0, 1), (1, 0), (1, 1), (1, 2); (0,−1), (−1, 0), (−1,−1), (−1,−2).
Roots of G2: (0, 1), (1, 0), (1, 1), (1, 2), (1, 3), (2, 3), (0,−1), (−1, 0), (−1,−1), (−1,−2),

(−1,−3), (−2,−3).
Roots of A1

1: (0, 1) and (k, k− 1), (k, k), (k, k+ 1) for k = 1, 2, . . .; (0,−1) and (k, k+
1), (k, k), (k, k − 1) for k = −1,−2, . . .;

Roots of A2
2: (0, 1), (k, 2k − 1), (k, 2k), (k, 2k + 1) for k = 1, 2, 3, 4, 5, 6, . . ., and

(k, 2k − 2), (k, 2k + 2) for k = 2, 4, 6, . . .;(0,−1), (k, 2k + 1), (k, 2k), (k, 2k − 1) for k =
−1,−2,−3,−4,−5,−6, . . ., and (k, 2k + 2), (k, 2k − 2) for k = −2,−4,−6, . . .

•
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These root systems are displayed on the diagrams above. Roots are marked with light
dots. All root spaces have dimension 1. The origin (0, 0) is not a root, and we mark it
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with a heavy dot.
(The meaning of the flashed symmetry lines will be explained later.)

2.4. A rough classification of Kac-Moody algebras.
Roughly, the set of Kac-Moody Lie algebras may be divided into three big classes.

Class 1. If the matrix Asym is positive definite (and only in this case), the algebra
g(A) is finite-dimensional. This class of Kac-Moody Lie algebras is the same as the class
of complex simple Lie algebras, and their Cartan matrices are listed in all major reference
books on Lie theory (Bourbaki gives a reliable information). For example, the Cartan
matrix of sl(n+ 1) is the n× n matrix

2 −1
−1 2 −1

−1 2
. . .

. . .
. . . −1
−1 2

 .

Our examples in Sections 2.2.1 - 2.2.3 belong to this class.

Class 2. If the matrix Asym is “almost positive definite,” which means that one
eigenvalue is zero (thus, the matrix is singular) and all other eigenvalues are positive, then
the algebra g(A) is called an affine Lie algebra.

The class of affine Lie algebras is, in turn, divided into two subclasses (of which the
second is conveniently omitted in the Wikipedia articles on Kac-Moody algebras as well
as on Affine Lie algebras).

Subclass 2.1. For a finite-dimensional simple Lie algebra g = g(A), the Lie algebra

g ⊗ C[t, t−1] is g(Ã)/c where Ã is obtained from A by adding one row and one column

(as the last row and column) so that det Ã = 0 and Ã satisfies all the requirements for

a Cartan matrix (it is not difficult to prove that these conditions determine Ã uniquely).

For example, if g = sl(n), n > 2, then Ã is the n× n matrix
2 −1 −1
−1 2 −1

−1 2
. . .

. . .
. . . −1

−1 −1 2

 .

The algebra A1
1 belongs to this class.

Subclass 2.2. Let again g be a finite-dimensional simple Lie algebra, and τ : g→ g be
a non-trivial automorphism of a finite order: τ r = id. Example: A 7→ −At for sl(n), n ≥ 3.
(By the way, all such automorphism are classified, and with one exception, r = 2; the
exception is an automorphism of order 3 of o(8).) Then

g =
r−1⊕
s=0

gs where gs = {g ∈ g | τ(g) = exp(2πis/r)g}
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(this is a vector space decomposition; of the summands, only g0 is a subalgebra, all the
rest are modules over g0). Then

∞⊕
k=−∞

gk mod rt
k

is a Lie subalgebra of g⊗C[t, t−1], and this Lie algebra is a g00(A) for some Cartan matrix
A of the type considered. The algebra A2

2 belongs to this class.

Remarks. (1) In some work, the term Kac-Moody algebra is used in a restricted
sense: the authors mean affine algebra. Sometimes, this term is used even in a more
narrow sense: it is used as a name of the algebra A1

1.

(2) There are only two affine algebras of rank 2: A1
1 and A2

2. We can add that there
are precisely 6 affine algebras of rank 3. We leave the proof to the reader, (it is Exercise
6.10); here we restrict ourselves to the list of their Cartan matrices:

 2 −1 −1
−1 2 −1
−1 −1 2

 2 0 −1
0 2 −1
−2 −2 2

 2 −1 0
−2 2 −2

0 −1 2

 2 −1 −1
−3 2 0

0 −1 2

 2 0 −2
0 2 −2
−2 −1 2

 2 −2 0
−1 2 −1

0 −2 2


Class 3: all the rest. The following is true for all g(A) in this class: the dimensions

Dk =
∑

k1+...+kn=k

dim g(A)k1α1+...+knα

grow exponentially as k → ±∞. Traditionally, these Kac-Moody algebras are regarded as
less appealing; the situation may be changing, however. For your entertainment, I show

on the next page the “root diagram” for g(A) with A =

[
2 −1
−5 2

]
; on the diagram, the

circles correspond to the roots k1α1 + k2α2, the numbers in the circles are dimensions of
the corresponding root spaces.

3. The determinant formula.

3.1 The Shapovalov form.
3.1.1 How much does M(λ) depends on λ? Let M(λ) be a Verma module over

the Kac-Moody Lie algebra g(A) where λ ∈ h∗, and let λi = λ(hi). As a vector space,
M(λ) does not depend on λ at all: it is the same as U(n−). Moreover, basically, M(λ)
depends only on the n complex numbers λ1, . . . , λn; more precisely, if λ(hi) = λ′(hi) for all
i, then the actions of fi, hi, and ei in M(λ) and M(λ′) are the same, and all the difference
between M(λ) and M(λ′) lies in the action of the elements, added to h in Section 2.3.2.
Indeed, both modules are spanned by g1 . . . gNv where gi ∈ n−. To apply a g ∈ n+ to
g1 . . . gNv we push g through g1 . . . gN , and at each step we either switch g with a gi or
replace both by the commutator [g, gi]. This process depends on λ only at the last moment,
when g, or its commutator with some gi’s reaches v.

19



........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ..........................................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

.....................................................

..........................................

k1

k2

.....................................................................................
........................

.............................................................................
..............................................................................
..................................................................................
..........................................

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.......................................................................................................................................................
...................
...................
...............................

........

2

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.......................................................................................................................................................
...................
...................
...............................

........

2

.......................................................................................................................................................
...................
...................
...............................

........

2

.......................................................................................................................................................
...................
...................
...............................

........

3

.......................................................................................................................................................
...................
...................
...............................

........

3

.......................................................................................................................................................
...................
...................
...............................

........

2

.......................................................................................................................................................
...................
...................
...............................

........

2

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.......................................................................................................................................................
...................
...................
...............................

........

3

.......................................................................................................................................................
...................
...................
...............................

........

4

.......................................................................................................................................................
...................
...................
...............................

........

6

.......................................................................................................................................................
...................
...................
...............................

........

5

.......................................................................................................................................................
...................
...................
...............................

........

6

.......................................................................................................................................................
...................
...................
...............................

........

4

.......................................................................................................................................................
...................
...................
...............................

........

3

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.....................................................................................
........................

.....

.......................................................................................................................................................
...................
...................
...............................

........

3

.......................................................................................................................................................
...................
...................
...............................

........

6

....................................................................................................................................................................
...................
..................
......................

...........................

10

....................................................................................................................................................................
...................
..................
......................

...........................

13

....................................................................................................................................................................
...................
..................
......................

...........................

15

....................................................................................................................................................................
...................
..................
......................

...........................

15

....................................................................................................................................................................
...................
..................
......................

...........................

13

....................................................................................................................................................................
...................
..................
......................

...........................

10

....................................................................................................................................................................
...................
..................
......................

...........................

6

.......................................................................................................................................................
...................
...................
...............................

........

3

.....................................................................................
........................

.....

.......................................................................................................................................................
...................
...................
...............................

........

2

.......................................................................................................................................................
...................
...................
...............................

........

5

....................................................................................................................................................................
...................
..................
......................

...........................

13

....................................................................................................................................................................
...................
..................
......................

...........................

19

....................................................................................................................................................................
...................
..................
......................

...........................

30

....................................................................................................................................................................
...................
..................
......................

...........................

32

....................................................................................................................................................................
...................
..................
......................

...........................

37

....................................................................................................................................................................
...................
..................
......................

...........................

32

....................................................................................................................................................................
...................
..................
......................

...........................

30

....................................................................................................................................................................
...................
..................
......................

...........................

19

....................................................................................................................................................................
...................
..................
......................

...........................

13

.......................................................................................................................................................
...................
...................
...............................

........

5

.......................................................................................................................................................
...................
...................
...............................

........

2

.......................................................................................................................................................
...................
...................
...............................

........

2

.......................................................................................................................................................
...................
...................
...............................

........

6

....................................................................................................................................................................
...................
..................
......................

...........................

15

....................................................................................................................................................................
...................
..................
......................

...........................

30

....................................................................................................................................................................
...................
..................
......................

...........................

50

....................................................................................................................................................................
...................
..................
......................

...........................

73

....................................................................................................................................................................
...................
..................
......................

...........................

91

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

102

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

102

....................................................................................................................................................................
...................
..................
......................

...........................

91

....................................................................................................................................................................
...................
..................
......................

...........................

73

....................................................................................................................................................................
...................
..................
......................

...........................

50

....................................................................................................................................................................
...................
..................
......................

...........................

30

....................................................................................................................................................................
...................
..................
......................

...........................

15

....................................................................................................................................................................
...................
..................
......................

...........................

6

.......................................................................................................................................................
...................
...................
...............................

........

2

.....................................................................................
........................

.....

.......................................................................................................................................................
...................
...................
...............................

........

4

....................................................................................................................................................................
...................
..................
......................

...........................

15

....................................................................................................................................................................
...................
..................
......................

...........................

32

....................................................................................................................................................................
...................
..................
......................

...........................

73

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

113

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

178

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

214

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

271

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

270

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

271

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

214

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

178

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

113

....................................................................................................................................................................
...................
..................
......................

...........................

73

.......................................................................................................................................................
...................
...................
...............................

........

3

....................................................................................................................................................................
...................
..................
......................

...........................

13

....................................................................................................................................................................
...................
..................
......................

...........................

37

....................................................................................................................................................................
...................
..................
......................

...........................

91

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

178

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

298

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

449

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

602

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

717

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

797

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

797

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

717

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

602

.....................................................................................
........................

.....

....................................................................................................................................................................
...................
..................
......................

...........................

10

....................................................................................................................................................................
...................
..................
......................

...........................

32

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

102

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

214

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

449

..............................................................................................................................................................................................
....................
..................
...................
...........................

......................

713

........................................................................................................................................................................................................................
.....................
..................
..................
.....................
...................................

............

1153

........................................................................................................................................................................................................................
.....................
..................
..................
.....................
...................................

............

1491

........................................................................................................................................................................................................................
.....................
..................
..................
.....................
...................................

............

1959

........................................................................................................................................................................................................................
.....................
..................
..................
.....................
...................................

............

2116

........................................................................................................................................................................................................................
.....................
..................
..................
.....................
...................................

............

2321

20



At this step, we take the h-component of the survivor and apply it to v; but this com-
ponent arises from commutators of elements of n+ and n−, and it is a linear combination
of hi’s.

The additional structure in M(λ), which is generated by the action of the expanded
g(A) is the decomposition into weight spaces. In particular, Cvλ = M(λ)λ and, for η ∈ ∆+,
U(n−)−ηvλ = M(λ)λ−η.

The arguments above show that the problems of reducibility, of the description of
submodules, etc. are equivalent for the modules M(λ) and M(λ′) with λ(hi) = λ′(hi) for
all i.

In particular, the reducible modules M(λ) correspond to λ’s from a subset of the space
Cn(λ1, . . . , λn); our goal is to describe this subset.

3.1.2. The construction of the Shapovalov form. We will need for this construc-
tion two things: a projection β:U(g(A))→ U(h) (the latter is the symmetric, that is, poly-
nomial, algebra of h) and an involution σ: g(A)→ g(A). The projection β is determined by
the obvious canonical isomorphism U(g(A)) = U(n−)⊗CU(h)⊗CU(n+) and (also canon-
ically defined “augmentations” U(n±) → C. The involution σ is defined by the relations
σ(ei) = fi, σ(fi) = ei, σ |h= id. It is an anti-automorphism: σ[g, g′] = −[σ(g), σ(g′)] =

[σ(g′), σ(g)]. Obviously, for any η = (k1, . . . , kn), σ(U(g(A))η) = U(g(A))−η. Notice in
addition that β ◦ σ = β.

Now, for x, y ∈ U(g(A)) set F (x, y) = β(σ(x)y). This F is a bilinear (obviously) sym-
metric (F (y, x) = β(σ(y)x) = β(σ(σ(y)x)) = β(σ(x)σ(σ(y))) = β(σ(x)y) = F (x, y)) form
on U(g(A)) with values in U(h). It is called the Shapovalov form. It will be instrumental
in studying Verma modules.

Notice that if x ∈ U(n−)−η, y ∈ U(n−)−η′ , and η 6= η′, then F (x, y) = 0. By this
reason, the Shapovalov form F is determined by its restrictions to the root spaces U(n−)−η.
We denote this restrictions as Fη.

3.1.3. Why is the Shapovalov form so important? Consider a Verma module
M(λ) and suppose that it is reducible, that is, there is a submodule 0 6= A⊂

6=
M(λ). An

important remark: A 6= M(λ)⇒ A ∩Cvλ = 0. We already know (Section 3.1.1) that A is
graded, that is,

A =
⊕
η∈∆+

Aλ−η, where Aλ−η = A ∩ U(n−)−ηvλ.

Suppose now that for some non-zero x ∈ n−, now xvλ ∈ Aλ−η. Take an arbitrary y ∈
U(n−)−η and consider σ(y)xvλ. On one hand, this should be an element of A (since A
is a submodule). On the other hand, σ(y)xvλ should be an element of M(λ)λ−η+η =
M(λ)0 = Cvλ. Because of our “important remark” above, this must be zero: σ(y)xvλ = 0.
But σ(y)xvλ = λ(Fη(y, x))vλ, thus λ(Fη(y, x)) = 0, and since this holds for an arbitrary
y ∈ U(n−)−η, this means that x ∈ Ker(λ ◦ Fη), in particular that the complex-valued
symmetric bilinear form λ ◦ Fη is degenerate, has a zero determinant. We get a strong
necessary condition of a reducibility of M(λ): if M(λ) is reducible, then det(λ◦Fη) = 0 for
some η ∈ ∆+. Moreover, this condition is also sufficient, because of the following obvious
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statement: ∑
η∈∆+

Ker(λ ◦ Fη)vλ

is a submodule of M(λ) (not containing vλ).

Thus, the reducibility problem for Verma modules is reduced to the computation of
(zeroes of ) det(λ ◦ Fη) = λ (detFη). And in fact, this computation was completed more
than 30 years ago. The result of this computation is the determinant formula, which we
will explore in Sections 3.2 and 3.3. Now, for a better understanding of the Shapovalov
construction, we will make this computation in a couple of easiest cases.

3.1.4. First examples of the computation of λ ◦ Fη. Let η = αi, x = y = ei.
Then

xσ(y)vλ = eifivλ = fi eivλ︸︷︷︸
0

+hivλ = λi.

Thus, λ ◦ Fαi(ei, ei) = λi.
Let now η = αi + αj (i 6= j), x = eiej , y = ejei. Then

xσ(y)vλ = eiejfifjvλ = eifi ejfjvλ︸ ︷︷ ︸
λjvλ

= λj eifivλ︸ ︷︷ ︸
λivλ

= λiλjvλ.

Thus, λ ◦ Fαi+αj (eiej , ejei) = λiλj . Now let x = y = eiej . We have:

xσ(y)vλ = eiejfjfivλ = ei(fjej + hj)fivλ

= eifjfi ejvλ︸︷︷︸
0

+eifi hjvλ︸︷︷︸
λjvλ

−aji eifivλ︸ ︷︷ ︸
λivλ

= λi(λj − aji)vλ.

Thus, λ ◦Fαi+αj (eiej , eiej) = λi(λj − aji), and, by i↔ j, λ ◦Fαi+αj (ejei, ejei) = λj(λi −
aij). From this,

det(λ ◦ Fαi+αj ) =

∣∣∣∣λi(λj − aji) λiλj
λiλj λj(λi − aij)

∣∣∣∣ = λiλj(aijaji − aijλi − ajiλj).

3.2. The determinant formula; the statement and examples.

3.2.1. The statement. The statement below contains several new notations. They
will be explained immediately after the statement.

Theorem 3.1. (Shapovalov [2] for the finite-dimensional case, Kac and Kazhdan [3]
for the general case.) Up to a non-zero factor,

detFη =
∏
α∈∆+

∞∏
m=1

(
hα + ρ(hα)− m〈α, α〉

2

)P (η−mα)·mult(α)

.

(The non-zero factor appears because the determinant of a quadratic form depends
on the choice of a basis; we will never mention it below.)
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Explanation of the notation. (1) For a positive root α = k1α1 + . . .+ knαn ∈ ∆+, we

set hα =

n∑
i=1

ki
di
hi (the integer di are diagonal entry of a matrix D that diagonalizes A, see

Section 2.1.1). (2) ρ is an element of h∗ such that ρ(hi) = 1 for all i; thus ρ(hα) =
n∑
i=1

ki
di

.

(3) We define an inner product in the space spanned by αi’s by the formula 〈αi, αj〉 =

asym
ij =

aij
di

. In particular, 〈α, α〉 =
∑
i,j

aij
di
kikj . (4) The Kostant partition function P : Λ→

Z≥0 is defined by the formula P (ζ) = dimU(n+)ζ . In particular, P (0) = 1, P (ζ) = 0, if
ζ /∈ Λ+. (5) mult(α) is the multiplicity of the root α, that is, dim g(A)α.

It should be noted, that for a fixed η the product in the formula has finitely many
factors, since η −mα ∈ Λ+ only for finitely many pairs m,α.

For a specific λ ∈ h∗, we can compute det(λ ◦ Fη) in terms of λi = λ(hi):

det(λ ◦ Fη) =
∏
α∈∆+

∞∏
m=1

(
λ(hα) + ρ(hα)− m〈α, α〉

2

)P (η−mα)·mult(α)

=
∏
α∈∆+

∞∏
m=1

(
n∑
i=1

ki
di

(λi + 1)− m〈α, α〉
2

)P (η−mα)·mult(α)

With the results of Section 3.1.3, this means that reducible Verma modules M(λ)
correspond to points (λ1, . . . , λn) belonging to a countable union of hyperplanes

n∑
i=1

ki
di

(λi + 1) =
m〈α, α〉

2

taken for all positive roots α and positive integers m (for such a pair, we certainly can find
an η such that P (η −mα) > 0; take, for example, η = mα).

Before proving the determinant formula, let us consider some examples.

3.2.2. Examples.

3.2.2.1. sl(n + 1). In this case, the rank is n and the non-zero entries of the Cartan
matrix are

aij =

{
2, if i = j,
−1, if |i− j| = 1.

The positive roots are αij = αi + αi+1 + . . .+ αj , 1 ≤ i ≤ j ≤ n, (see Section 2.3.4, Class
1) and 〈αij , αij〉 = 2 for all i, j. Indeed, d1 = . . . = dn = 1 (since the Cartan matrix is
symmetric) and

〈αi + αi+1 + . . .+ αj , αj + αi+1 + . . .+ αj〉
= 〈αi, αi〉+ . . .+ 〈αj , αj〉+ 2〈αi, αi+1〉+ . . .+ 2〈αj−1, αj〉

= 2 + . . .+ 2︸ ︷︷ ︸
j−i+1

− 2− . . .− 2︸ ︷︷ ︸
j−i

= 2
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the equations of the hyperplanes of reducible Verma modules are λi+ . . .+λj+(j−i+1) =
m, that is, λi + . . . + λj ∈ Z≥i−j . In the case n = 1, this corresponds to the result of
Section 1.2.3. For n = 2, these hyperplanes are the lines

λ1 = 0, 1, 2, 3, . . . ;λ2 = 0, 1, 2, 3, . . . ;λ1 + λ2 = −1, 0, 1, 2, . . .

(See the picture below.)

................................................................................................................................................................................................... ..............

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

...............

..............

.........................................................................................................................................................................

.........................................................................................................................................................................

.........................................................................................................................................................................

.........................................................................................................................................................................

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

.

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

.

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

.

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

.

.........................................................................................................................................

...........................................................................................................................................................................

.............................................................................................................................................................................................................

...............................................................................................................................................................................................................................................

.............................................................................................................................................................................................................

...........................................................................................................................................................................

.........................................................................................................................................

.......................................................................................................

.....................................................................

...................................

λ1

λ2

3.2.2.2. A1
1. In this case, n = 2, a11 = a22 = 2, a12 = a21 = −2, d1 = d2 = 1. The

positive roots are kα1 + (k− 1)α2, (k− 1)α1 + kα2, kα1 + kα2 (k > 0) (see Section 2.3.3).
Independently of k, the inner square of the first two is 2, the inner square of the third is 0
(A is singular!). The equations of the lines corresponding to reducible Verma modules are
(m ∈ Z>0)

kλ1 + (k − 1)λ2 + 2k − 1−m = 0,

(k − 1)λ1 + kλ2 + 2k − 1−m = 0,

λ1 + λ2 + 2 = 0
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“singular line”
λ1 + λ2 + 2 = 0
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Notice that the lines corresponding to the roots kα1 +kα2 are all the same, independently
of k and m: λ1 +λ2 +2 = 0 (we mark this line as “singular” at the picture). The other lines
fill densely the half-plane λ1+λ2 > −2 and form a nowhere dense set in the complementary
half-plane. The two drawings on the previous page show these lines for k ≤ 3 and k ≤ 5.

Remark. The singular line appears by the following reason. The root α = k1α1 +
. . .+ knαn has a zero inner square, 〈α, α〉 = 0, if and only if k1h1 + . . .+ knhn belongs to
the center c. (This is Exercise 6.11.) Moreover, all elements of Λ+ proportional to α are

roots with zero inner squares, and the hyperplanes

n∑
i=1

ki
di

(λi + 1) =
m〈α, α〉

2
(see Section

3.2.1) are the same for all these roots and all m. Our “singular line” provides an example
of such “hyperplane.”

3.3. Proof of the determinant formula.

The main ingredients of the proof (and the understanding) of the determinant formula
are:

(1) invariant (Killing) form;
(2) the Casimir operator.

3.3.1 Invariant form. In the classical finite-dimensional theory, the notion of the
Killing form is one of the most important. The fact is, that for a simple finite-dimensional
Lie algebra g there exists a unique, up to a non-zero multiple, non-degenerate symmetric
invariant bilinear form 〈 , 〉; the invariance means 〈[g, h], k〉 = 〈g, [h, k]〉 for all g, h, k ∈ g.
The most common construction is 〈g, h〉 = tr(ad g ◦ adh) where ad g: g → g is h 7→ [g, h]
(the uniqueness can be easily deduced from the simplicity of g). In the infinite-dimensional
case, however, this construction does not work (no trace!). Still the notion of the Killing
form is naturally extended to the Kac-Moody case.

Let A, g(A), h, . . . mean the same as before.

Proposition 3.2. There exists a non-degenerate symmetric invariant bilinear form
〈 , 〉 on g(A) with the following additional properties:

(1) the form is non degenerate on h and on gα ⊕ g−α for every α ∈ ∆+;
(2) 〈gα, gβ〉 = 0, if α+ β 6= 0;
(3) 〈hi, h〉 = diαi(h) for all h ∈ h, i = 1, . . . , n⇔ 〈hα, h〉 = α(h) for all α ∈ Λ, h ∈ h.

Before proving the proposition, we list two corollaries with brief comments.

Corollary 3.3. 〈hi, hj〉 = diaji = djaij ; 〈hαi , hαj 〉 =
aij
di

= asym
ij .

Since 〈 , 〉 is non-degenerate on h, it gives rise to an inner product on h∗: if η′, η′′ ∈ h∗

and η′(h) = 〈h′, h〉, η′′(h) = 〈h′′, h〉 for any h ∈ h, then 〈η′, η′′〉 = 〈h′, h”〉 = η′(h”) =
η”(h′).

Corollary 3.4. 〈η, α〉 = η(hα) for every η ∈ h∗, α ∈ Λ.

In particular, 〈αi, αj〉 = 〈hαi , hαj 〉 = asym
ij . This corresponds to the definition given

in Section 3.2.1.

Corollary 3.5. If g ∈ gα, g
′ ∈ g−α, α ∈ ∆+, then [g, g′] = 〈g, g′〉hα.

This shows that the space [gα, g−α] ⊂ h has dimension 1.
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Proof of Corollary 3.5. For h ∈ h, 〈[g, g′], h〉 = 〈g, [g′, h]〉 = α(h)〈g, g′〉 = 〈〈g, g′〉hα, h〉
which means that [g, g′] = 〈g, g′〉hα, since 〈 , 〉 |h is non-degenerate.

Proof of Proposition 3.2. First, we define 〈 , 〉 on h. Let h0 ⊂ h be the subpace of h
with the basis h1, . . . , hn; choose a complimentary subspace: h = h0 ⊕ k. Condition (3) of
Proposition determines 〈 , 〉 on h0⊗h. In addition to that, put 〈 , 〉 = 0 on k; this determines
the form on h, and it remains to check that it is non-degenerate. Let 〈h, h〉 = 0 for all
h ∈ h. Then 〈hαi , h〉 = αi(h) = 0 for all i, and hence h ∈ c ⊂ h0, h =

∑
i uihαi , ui ∈ C.

Hence 〈h, h〉 =
∑
i ui〈hαi , h〉 =

∑
i αi(h) = 0 for all h ∈ h, hence

∑
i uiαi = 0, hence

ui = 0 for all i, and hence h = 0.
Let gN =

⊕
k1+...+kn=N

gk1α1+...+knαn and let g(N) =
⊕

−N≤M≤N
gM . First, we ex-

tend our definition of 〈 , 〉 from g0 = h to g(1) by taking 〈ei, fj〉 = diδij (this must
be so by Corollary 3.5). To check the invariance, at this stage, we need only to check
that 〈[ei, h], fj〉 = 〈ei, [h, fj ]〉. But [ei, hk] = −akiei, [hk, fj ] = −akjfj , [ei, c`1,...,`n ] =
`iei, [c`1,...,`n , fj ] = −`jfj (we use notations from Section 2.3.2). If j 6= i, then 〈ei, fj〉 = 0,
and hence 〈[ei, h], fj〉 = 〈ei, [h, fj ]〉 = 0. If j = i, then 〈[ei, h], fj〉 = 〈ei, [h, fj ]〉 = −ak,idi
for h = hk and 〈[ei, h], fj〉 = 〈ei, [h, fj ]〉 = −`idi for h = c`1,...,`n .

Now let us show how to extend the definition of 〈 , 〉 from g(N − 1) (N > 1) to g(N).
We only need consider the case when the factors are x ∈ g−N and y ∈ gN . We can write
y =

∑
i[ui, vi] where each ui and each vi lies in some gM with 0 < M < N . We put:

〈x, y〉 =
∑
i

〈[x, ui], vi〉,

and the only thing that requires a proof is that this sum does not depend on the choice
of a presentation y =

∑
i[ui, vi]. To do this, let us choose a similar presentation for x:

x =
∑
j [u
′
j , v
′
j ]. Using the invariance of 〈 , 〉 on g(N − 1) and the definition of the Lie

algebra, we can write:∑
i

〈[x, ui], vi〉 =
∑
i,j

〈[[u′j , v′j ], ui], vi〉 =
∑
i,j

〈[u′j , [v′j , ui]], vi〉 −
∑
i,j

[v′j , [u
′
j , ui]], vi〉

= −
∑
i,j

〈[[v′j , ui], u′j ], vi〉+
∑
i,j

〈[[u′j , ui], v′j ], vi〉

=
∑
i,j

〈[u′j , [v′j , ui]], vi〉+
∑
i,j

〈[u′j , ui], [v′j , vi]〉

=
∑
i,j

〈u′j , [[v′j , ui], vi] + [ui, [v
′
j , vi]]〉 =

∑
i,j

〈u′j , [v′j , [ui, vi]]〉 =
∑
j

〈u′j , [v′j , y]〉

We see that the equality
∑
i〈[x, ui], vi〉 =

∑
j〈u′j , [v′j , y]〉 holds for any presentations y =∑

i[ui, vi], x =
∑
j [u
′
j , v
′
j ]; hence, neither of these expressions depends on either of these

presentations.

3.3.2. Casimir operator. Another important notion of the finite-dimensional the-
ory is the Casimir operator. Algebraically speaking, for a (finite-dimensional, simple) Lie
algebra g, we determine the center of the universal enveloping algebra U(g). If γ ∈ U(g) is a
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central element, then for any g- (that is, U(g)-) module M , the transformation γ:M →M
is a module homomorphism. Moreover, any module homomorphism f :M → N commutes
with γ : f(γx) = γf(x). It turns out that the center of U(g) is quite ample: it is, actually,
isomorphic to a polynomial algebra of n = rank g variables. This center is important,
among other things, in geometry and topology (more specifically, in the theory of charac-
teristic classes). But there is one central element which is instrumental in representation
theory; the transformation corresponding to this element is called the Casimir operator.

The construction of it is very simple: if g1, . . . , gN is a basis in g and g1, . . . , gN is a
dual basis (with respect to the Killing form), then γ =

∑
i gig

i. For example, h2+2ef+2fe
is a central element of U(sl(2)); you can transform it into, say 2h+ h2 + 4fe.

How to generalize it to the infinite-dimensional case? Immediately, we encounter a
difficulty: the sum will be infinite. Still, let us try. Let {ui} and {ui} (i = 1, . . . ,dim h) be
dual (with respect to 〈 , 〉) bases of h; and {eiα} and {ei−α} (i = 1, . . . ,dim gα = multα) be
dual bases of gα and g−α where α is a positive root. Then the expression

∑
α

∑
i e
i
−αe

i
α

is infinite, but not hopeless: it can be applied to any g(A)-module M , which is virtually
nilpotent over n+: for every element of this module only finitely many summands of this
infinite sum will produce non-zero images. (Informally, we are generalizing to the infinite-
dimensional case rather the expression 2h+h2+4fe than h2+2ef+2fe – see the discussion
of the case of sl(2) several lines above.)

To pass to a precise definition, we need one more notation: define ρ∗ ∈ h by the
requirement 〈ρ∗, h〉 = ρ(h) (see Section 3.2.1 for the definition of ρ; thus, 〈ρ∗, hi〉 = 1 and
〈ρ∗, c`1...`n〉 = 0). Put

Ω = 2ρ∗ +

dimh∑
i=1

uiui + 2
∑
α∈∆+

multα∑
i=1

ei−αe
i
α.

Recall that although Ω cannot be considered as an element of U(g), it determines an
operator in an arbitrary virtually n+-module, in particular, a Verma module, over g.

Proposition 3.6. Ω commutes with the action of U(g(A)).

Proof. We need to prove that Ω commutes with any generator of g.

Commuting with h is obvious. Indeed, ρ∗ and ui, u
i belong to h themselves, so they

commute with any h ∈ h. Furthermore,

[h, ei−αe
i
α] = [h, ei−α]eiα + ei−α[h, eiα] = (−α(h) + α(h))ei−αeiα = 0.

Let us prove now that Ω commutes with ej (the case of fj is absolutely similar, and
we will not consider it.) First,

[ρ∗, ej ] = αj(ρ
∗)ej = 〈ρ∗, hαj 〉ej = ρ(hαj )ej

(the first of the equality above follows from the definition of a root, since ej ∈ gαj ; the
second equality follows from Part (3) of Proposition 3.2; and the last equality follows from
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the definition of ρ∗). Second,[∑
i

uiui, ej

]
=
∑
i

(ui[ui, ej ] + [ui, ej ]ui) =
∑
i

(αj(ui)u
iej + αj(u

i)ejui)

=
∑
i

αj(ui)u
i

︸ ︷︷ ︸
hαj

ej +
∑
i

αj(u
i)ui︸ ︷︷ ︸

hαj

ej −
∑
i

αj(u
i)αj(ui)︸ ︷︷ ︸

〈αj ,αj〉

ej

=
(
2hαj − 〈αj , αj〉

)
ej

(we used the fact that α and hα correspond to each other with respect to the isomorphism
h↔ h∗ induces by 〈 , 〉; this is implied by Corollary 3.4).

It remains to compute the commutator
[∑

α

∑
i e
i
−αe

i
α, ej

]
. For this, we need the

following

Lemma. Let α, β ∈ ∆ and z ∈ gβ−α. Then, in U(g(A)),

multα∑
i=1

ei−α[z, eiα] =

mult β∑
i=1

[ei−β , z]e
i
β .

Proof of Lemma. We will prove more: in g(A)−α ⊗ g(A)β ,

multα∑
i=1

ei−α ⊗ [z, eiα] =

mult β∑
i=1

[ei−β , z]⊗ eiβ .

Take arbitrary e ∈ gα and f ∈ g−β . Then〈∑
i

ei−α ⊗ [z, eiα], e⊗ f

〉
=
∑
i

〈ei−α, e〉〈[z, eiα], f〉 =
∑
i

〈ei−α, e〉〈eiα, [f, z]〉

=

〈∑
i

〈ei−α, e〉eiα, [f, z]

〉
= 〈e, [f, z]〉.

In a very similar way, 〈∑
i

[ei−β , z]⊗ eiβ , e⊗ f

〉
= 〈[z, e], f〉.

Hence, the two sides of our equality have the same inner product with an arbitrary e⊗ f ,
hence, they are equal.

Now, let us turn to
∑
α

∑
i

[
ei−αe

i
α, ej

]
. We have:

∑
α∈∆+

multα∑
i=1

[
ei−αe

i
α, ej

]
=
∑
α∈∆+

multα∑
i=1

ei−α
[
eiα, ej

]
+
∑
β∈∆+

mult β∑
i=1

[
ei−β , ej

]
eiβ
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But
[
eiα, ej

]
= 0, whenever α+αj is not a root. So, for the first sum, we may assume that

α+αj is a root. But then our Lemma for z = ej shows that the summand in the first sum,
which corresponds to α cancels with the summand in the second sum, which corresponds
to β = α + αj . This cancellations kills the first sum altogether; what remains in the

second sum? Again,
[
ei−β , ej

]
= 0, if −β + αj is not a root or zero; the latter happens

if β = αj . And the summand corresponding to this β is all that survives the cancellation
in the second sum. The space gαj is one-dimensional, for it basis we can take e1

αj = ej .

What is the “dual basis” in g−αj? Since 〈fj , ej〉 = dj , we have to take e1
−αj =

1

dj
fj . And

this is our final result:

∑
α∈∆+

multα∑
i=1

[
ei−αe

i
α, ej

]
= [e1

−αj , ej ]e
1
αj = − 1

dj
hjej = −hαjej .

It remains to combine all the computations:

[Ω, ej ] = 2[ρ∗, ej ] +
∑
i

[uiui, ej ] +
∑
α

∑
i

[ei−αe
iα, ej ]

= 2ρ(hαj )ej + (2hαj − 〈αj , αj〉)ej − 2hαjej = 0,

since 〈αj , αj〉 = asym
ij =

2

dj
= 2ρ(hαj ).

This completes the proof of Proposition 3.6, and with that, constructing the Casimir
operator.

3.3.3. Casimir operator and singular vectors.

Proposition 3.7. Let a virtually n+-nilpotent module contain a singular vector w of
the type λ ∈ h∗. Then Ωw = 〈λ+ 2ρ, λ〉w.

Proof. Since w is a singular vector of the type λ, ew = 0 for every e ∈ n+ and
hw = λ(h)w fort every h ∈ h. Hence

Ωw = (2ρ∗ +
∑

uiui)w = (2λ(ρ∗)︸ ︷︷ ︸
〈ρ,λ〉

+
∑

λ(ui)λ(ui)︸ ︷︷ ︸
〈λ,λ〉

)w = 〈λ+ 2ρ, λ〉w.

Corollary 3.8. In the Verma module M(λ), the operator Ω acts as the multiplication
by 〈λ+ 2ρ, λ〉.

Indeed, Ωvλ = 〈λ+ 2ρ, λ〉vλ, and vλ generates the whole module.

Let us now return to detλ ◦ Fη. This determinant equal to zero if and only if M(λ)
has a proper submodule with a non-zero intersection with M(λ)λ−η, which means, in turn,
that M(λ) contains a singular vector w 0f the type λ−β where β ∈ Λ+ and η−β ∈ Λ+∪0.
Thus, on one side Ωw = 〈λ + 2ρ, λ〉w (since w ∈ M(λ)) and, on the other side, ΩW =
〈λ− β + 2ρ, λ− β〉w by Proposition 3.7. We arrive at the equality

〈λ+ 2ρ, λ〉 = 〈λ− β + 2ρ, λ− β〉,
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which, after cancellations and division by 2, becomes

〈λ+ ρ, β〉 =
1

2
〈β, β〉.

In other words, this means that detλ ◦ Fη = 0 if and only if there exists a β ∈ Λ+ such

that η − β ∈ Λ+ ∪ 0 and 〈λ+ ρ, β〉 =
1

2
〈β, β〉.

Corollary 3.9. detλ ◦ Fη is the product of a certain amount of expressions 〈λ +

ρ, β〉 − 1

2
〈β, β〉 (some of them may be repeated several times).

It remains to specify those β (with their multipliciies), which actually appear in λ ◦
detFη. For this purpose, we compute the “leading term” of detFη.

The theorem we are proving that the factors of detλ ◦ Fη are precisely the products
mα where m is a positive integers and α ∈ ∆+. This is what we expect to obtain.

3.3.4. The leading term of the determinant. Since all the entries of the matrix
of the Shapovalov form Fη, and hence detFη, belong to C[h1, . . . , hn], we can speak of the
highest total degree (“leading”) term of detFη.

Proposition 3.10. (Shapovalov in the finite-dimensional case; but the proof in
general case is the same.) Up to a constant non-zero factor, the leading term of detFη is

∏
α∈∆+

∞∏
m=1

hmult(α)P (η−mα)
α .

Remark. This shows that every linear factor that occurs in detFη, must be of the
form hα + a constant for some positive root α; this shows, in turn, that for every factor of
detFη detected in Section 3.3.3, β must be proportional to some positive root α.

Proof of Proposition 3.10. Order in some way the positive roots of g(A): ∆+ =
{β1, β2, β3, . . .} and choose a basis b1i , . . . , b

di
i in gβi (where di = dim gβi). This gives us

a basis in U(n+)η in which every vector has a form bp1i1 . . . b
ps
is

where βi1 + . . . + βs = η,
i1 ≤ . . . ≤ is, 1 ≤ pu ≤ diu and pu ≤ pu+1 if iu = iu+1. For the basis in (g)−βi dual

to our basis in gβi we use the notation c1i , . . . , c
di
i (with the same di as before). Thus,

[bpi , c
q
i ] = δpqhβi .
Let us now compute the matrix entry of the form Fη corresponding to the vectors

bp1i1 . . . b
ps
is
, bq1j1 . . . b

qt
jt

. For this purpose, we take bp1i1 . . . b
ps
is
cq1j1 . . . c

qt
jt
∈ U(g) and push bpsis

through cq1j1 . . . c
qt
jt

. First, bpsis either goes through cq1j1 , or both bpsis and cq1j1 are replaced by
the commutator [bpsis , c

q1
j1

]. The latter is either a root vector in n−, or an element of h, or a
root vector in n+. In the first case we stop here, in the other cases we push bpsis or what we
got, through cq2j2 ; and so on, to cqtjt . Possible results of the whole travel: (1) no h appears,
bpsis disappears (so s decreases by one) and the number t of root vectors in n− stays the
same or decreases; (2) one h appears (at the end of the word), s decreases by one, and t
decreases by one or more. Then we push in the same way b

ps−1

is−1
, and so on.

The final result will be the sum of an amount of terms, of which only those make
contributions into the value of Fη, which are pure elements of U(h) (do not contain anything
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from n±). Also, as we will see, we will be interested only in the cases with t ≤ s. In these
cases, the maximal number of h’s is s, and it arises only if t = s and bq1j1 . . . b

qt
jt

is the same
as bp1i1 . . . b

ps
is

. The “diagonal” matrix entry will be hβi1 . . . hβis .

We refer to s as the length of the basis vector bp1i1 . . . b
ps
is

. If η = k1α1 + . . . + knαn,
then the lengths of the basis vectors vary form k = k1 + . . .+ kn to 1 (which occurs only
if η itself is a root). We sort the basis vectors by their lengths (in the decreasing order).
Then the matrix of Fη falls into blocks:

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

.............

..............................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................

k k − 1 k − 2

k

k − 1

k − 2

Fkk Fk,k−1 Fk,k−2

Fk−1,k Fk−1,k−1 Fk−1,k−2

Fk−2,k Fk−2,k−1 Fk−2,k−2

. . . . . . . . .

...

...

...

We want to detect the highest degree term(s) of the determinant of this matrix. All
the diagonal entries of the block Fkk have degree k, and all the other entries of the whole
matrix have degrees < k. So, the diagonal entries of Fkk must be taken for the term of the
highest degrees. Because of this, no entries from the blocks Fik, i < k can participate in
our term of the determinant. Throughout the blocks Fk−1,j j ≤ k − 1, only the diagonal
entries of Fk−1,k−1 have degree k − 1, all the other entries have degrees < k − 1. Thus,
we have to include these diagonal entries into the highest degree term of the determinant.
Continuing in this way, we find that we have to include into the highest degree term the
diagonal entries of Fk−2,k−2, of Fk−3,k−3, and so on.

We arrive at the following result. The highest degree term of detFη is the product of
the diagonal entries of the matrix of Fη. From this, we can derive the explicit form of this
highest degree term:

k∏
s=1

∏
β
p1
i1
...βps

is
∈

basis of U(n+)η

(hβi1 . . . hβis ). (4)

To complete the proof of Proposition 3.10, we need to calculate the number of hα’s in
the product (4). For m = 0, 1, 2, . . . and u = 1, 2, . . . ,multα, denote by Pum the set of the
elements of our basis of U(n+)η which contain precisely m factors euα and set Pum = cardPum.
It is clear that Pum does not depend on u and that for any u there is a 1−1 correspondence
between Pum ∪Pum+1 ∪Pum+2 ∪ . . . and the standard basis of U(n+)η−mα (just remove from
every element of Pum ∪ Pum+1 ∪ Pum+2 ∪ . . . m factors euα, and we will obtain the basis of
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U(n+)η−mα). Thus, P (η −mα) =
∞∑
j=m

Puj . It is clear also that the number of occurrences

of euα throughout the whole basis of U(n+)η is

∞∑
m=1

mPum =

∞∑
m=1

∞∑
j=m

Puj =

∞∑
m=1

P (η −mα).

Since the result of this computation does not depend of u, the total amount of e1
α, . . . , e

multα
α

throughout the whole basis of U(n+, which is the same as the amount of factors hα in the

product (2) is
∑
α∈∆+

∞∑
m=1

mult(α)P (η −mα).

This completes the proof of Proposition 3.10, and, hence, the proof of Theorem 3.1.

Now we pass to our last subject concerning the Kac-Moody algebras.

3.4. Structure of Verma modules over Kac-Moody algebras.

I will present here, without proof, one more result from the Kac-Kazhdan paper [3].
It concerns the structure of the Verma module M(λ) over the Kac-Moody algebra g(A).
Recall that M(λ) contains the maximal submodule I(λ) 63 vλ (which is the sum of such
submodules of M(λ)), and the quotient L(λ) = M(λ)/I(λ) is irreducible; moreover, this
construction provides all irreducible virtually n+-nilpotent g(A)-modules.

We use the term subquotient of a module A all modules of the form B/C where B ⊃ C
are submodules of A.

Theorem 3.11 [3]. The module L(µ) is (isomorphic to) an irreducible subquotient
of M(λ) if and only if there exists a sequence β1, . . . , βk of positive roots of g(A) and a
sequence of positive integers n1, . . . , nk such that λ− µ = n1β1 + . . .+ nkβk and

(λ+ ρ− n1β1 − . . .− ni−1βi−1)(hβi) =
1

2
n,〈βi, βi〉, i = 1, . . . , k.

A stronger version of this theorem is due to I. Bernstein, I. Gelfand, and S. Gelfand
[4].

The proof requires an additional tool from the Lie theory, the so-called Jantzen filtra-
tion, and this is why I refrain from proving it here.

3.5 Explicit formulas for singular vectors.

Suppose that a λ ∈ h∗ satisfies the equation(
〈λ+ ρ, α〉+

m〈α, α〉
2

)
= 0

for just one pair α,m. In this case, there exists a singular vector in M(λ)λ−mα, and it
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is often useful to have a more or less explicit description of this vector*. However, this
description almost never exists. Below we discuss a rather enigmatic formula from the
article of Malikov, Feigin, and myself [5].

3.5.1. An example: the case of A1
1. (See Section 2.2.4.) Consider a Verma

module M(λ1, λ2) where λ1 and λ2 satisfy the equation kλ1 + (k− 1)λ2 + 2k− 1−m = 0;
a parametric equation of the line determined by this equation is

λ1 = m− 1− (k − 1)t, λ2 = −m− 1 + kt.

Proposition 3.12. For λ as above,

f
m+(k−1)t
1 f

m+(k−2)t
2 f

m+(k−3)t
1 . . . f

m−(k−2)t
2 f

m−(k−1)t
1 vλ (5)

is annihilated by e1 and e2.

Remark. Strictly speaking, this expression makes sense only if all the exponents
m + jt, |j| ≤ k − 1, are non-negative integers. However, we will be able to extend the
applicability of Proposition 3.12 to all positive integers m, k and all t ∈ C.

Lemma 1. For any g, h in any Lie algebra the following holds:

ghs = hsg +
∑
u≥1

(
s

u

)
hs−u[...[ [g, h], h], . . . h︸ ︷︷ ︸

u

].

Proof of Lemma 1. Induction with respect to s:

ghs+1 = ghsh = hsgh+
∑
u≥1

(
s

u

)
hs−u[...[ [g, h], h], . . . h︸ ︷︷ ︸

u

]h

= hs+1g + hs[g, h] +
∑
u≥1

(
s

u

)
hs+1−u[...[ [g, h], h], . . . h︸ ︷︷ ︸

u

]

+
∑
u≥1

(
s

u

)
hs−u[...[ [g, h], h], . . . h︸ ︷︷ ︸

u+1

]

* Imagine, for example, that some g-module has a singular vector w of type λ. Then w
is annihilated by any element of n+ and the action of h on w is determined by λ. But is it
possible that gw = 0 for some non-zero g ∈ n−, or even ∈ U(n−)? We know that if M(λ)
is irreducible then it is not possible at all, and if M(λ) is reducible, then it is possible
only if gw is contained in the maximal proper submodule of M(λ). Singular vector in
M(λ)λ−η, 0 6= η ∈ Λ+ generates a submodule in M(λ) isomorphic to M(λ − η). Thus, a
knowledge of singular vectors in M(λ) is important for studying all representations of g,
not necessarily Verma modules.
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= hs+1g +

(
s

0

)
hs+1−1[g, h] +

∑
u≥1

(
s

u

)
hs+1−u[...[ [g, h], h], . . . h︸ ︷︷ ︸

u

]

+
∑
u≥1

(
s

u

)
hs+1−(u+1)[...[ [g, h], h], . . . h︸ ︷︷ ︸

u+1

]

= hs+1g +
∑
u≥1

[(
s

u

)
+

(
s

u− 1

)]
hs+1−u[...[ [g, h], h], . . . h︸ ︷︷ ︸

u

]

= hs+1g +
∑
u≥1

(
s+ 1

u

)
hs+1−u[...[ [g, h], h], . . . h︸ ︷︷ ︸

u

]

A similar formula exists for switching gs with hv:

Lemma 2.

gsht =
∑
u,v≥0

(
s

u

)(
t

v

)
ht−vgs−uQuv(g, h) (6)

where Quv(g, h) is a polynomial of commutators of g and h (not depending of s and
t). These polynomials satisfy the conditions Q00(g, h) = 1, Qu0(g, h) = 0, if u > 0,
Q0v(g, h) = 0, if v > 0, and, for u, v > 0,

Quv(g, h) = [Qu,v−1(g, h), h] +
∑
w≥1

(
u

w

)
[g . . . , [g, [g︸ ︷︷ ︸

w

, h] ]...]Qu−w,v−1(g, h).

These properties determine Quv(g, h) uniquely.

The proof is straightforward (although it requires a lengthy computation); we leave it
to the reader. As well, we leave to the reader the proof of the following corollary of Lemma
2.

Corollary 3.13. If [g . . . , [g, [g︸ ︷︷ ︸
p+1

, h] ]...] = 0 and u > pv, then Qu,v(g, h) = 0. Simi-

larly, if [h . . . , [h, [h︸ ︷︷ ︸
q+1

, g] ]...] = 0 and v > qu, then Qu,v(g, h) = 0.

It is clear that the polynomial Quv(g, h) has the degree u in g and the degree v in h.
A simple computation (based on Lemma 2) shows that

Qu1(g, h) =[g . . . , [g, [g︸ ︷︷ ︸
u

, h] ]...], Q1v(g, h) = [h . . . , [h, [h︸ ︷︷ ︸
v

, g] ]...]

Q22(g, h) = [ [g, [g, h] ], h] + 2[g, h]2.

A beginning of the formula (5) for u ≤ 2, v ≤ 2 looks as follows

gsht = htgs + stht−1gs−1[g, h] +

(
s

2

)
tht−1gs−2[g, [g, h] ]

+ s

(
t

2

)
ht−2gs[ [g, h], h] +

(
s

2

)(
t

2

)
ht−2gs−2([ [g, [g, h] ], h] + 2[g, h]2) + . . .
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Remark. It is obvious that the sum in the right hand side of the formula (6) is finite
(u ≤ s, v ≤ t), if s and t are positive integers. It may be less obvious, but is also true that
the sum is finite If s is a positive integer and [g . . . , [g, [g︸ ︷︷ ︸

p+1

, h] ]...] = 0: in this case, according

to Corollary 3.13, Qu,v(g, h) = 0 if v > pu; hence, non-zero summands in (6) may appear
only if u ≤ s and v ≤ 2u(≤ 2s). (Certainly, in this remark you can simultaneously swap
u↔ v, g ↔ h.)

Our goal is to legalize considering monomials gα1
1 gα2

2 . . . gαss where g1, g2, . . . , gs are
elements of some Lie algebra (some of which can be the same) and α1, α2, . . . , αs are com-
plex numbers. We will try to transform such an expression to an element of the universal
enveloping algebra by means of formulas like (6). It may work, if the total degree of every
gi in this monomial is a positive integer. Then we can get an expression where all expo-
nents are integers. However, even in this case, we can arrive at monomials with negative
exponents; moreover, it may happen that the result will be rather an infinite series, like
this:

∑
u1,u2,...,ut∈Z≥0

gk1−u1
1 . . . gkt−utt Ru1,...,ut(g1, . . . , gt) where Ru1,...,ut are commutator

polynomials. We hope that all undesirable terms will vanish (because, maybe, of relations
in our Lie algebra), and if it happens, we say that our monomial gα1

1 gα2
2 . . . gαss “makes

sense”. We will see that this is not impossible, and the monomial (5) is an important
example of a monomial that does make sense.

Proof of Proposition 3.12. The computations below will be based on the following
formulas (which are obvious, but also follow from Lemma 1):

eif
α
j =

{
fαi ei + αfα−1

i hi − α(α− 1)fα−1
i , if j = i

fαj ei, if j 6= i
;hif

α
j =

{
fαi hi − 2αfαi , if j = i,
fαj hi + 2αfαj , if j 6= i. (7)

We want to prove that e1f
m+(k−1)t
1 f

m+(k−2)t
2 f

m+(k−3)t
1 . . . f

m−(k−2)t
2 f

m−(k−1)t
1 vλ = 0.

For this purpose we take the e1 through all the f ’s, using the formulas above. There are
the following possibilities. First, our e1 can reach safely the right end; in this case we
get an expression ending with e1vλ which is zero; done with this possibility. Second, e1

can interact interact with some f
m+(k−s)t
1 . Then e1 turns into h1, f

m+(k−s)t
1 turns into

f
m+(k−s)t−1
1 , and there arises a coefficient (m + (k − s)t). After that, the newborn h1

continues moving right, and the following things can happen. First, this h1 can interact

once more with the same f
m+(k−s)t−1
1 ; then h1 disappears and there arises an additional

factor −(m + (k − s)t − 1) (see formulas (7)). Second, ur h1 can interact with some

f
m+(k−s′)t
1 or 2 ; then again h1 disappears and there arises the additional factor ±2(m + (k −
s)t)(m + (k − s′)t), where the sign is +, if s′ is odd and −, if s′ is even (see formulas
(7) again). Third, our h1 can safely reach vλ and interact with this vλ and produces an
additional factor λ1.

Let us combine now all the above computations. What we obtain, is the monomial

f
m+(k−1)t
1 f

m−(k−2)t
2 . . . f

m−(k−s)t−1
1 . . . f

m−(k−2)t
2 f

m−(k−1)t
1 vλ times m−(k−s)t and times

the following sum:
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−(m+ (k − s)t− 1)

−2(m− (k − (s+ 1)t) + 2(m− (k − (s+ 2)t) [= 2t]
−2(m− (k − (s+ 3)t) + 2(m− (k − (s+ 4)t) [= 2t]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
−2(m− (k − (s− (2k − 2)t))

+2(m− (k − (s− 2k − 1))t) [= 2t]

 2t
(2k − 1)− (s+ 1) + 1

2

+λ1

Thus, the coefficient at f
m+(k−1)t
1 f

n−(k−2)t
2 . . . f

m−(k−s)t−1
1 . . . f

m−(k−2)t
2 f

m−(k−1)t
1 vλ

in e1f
m+(k−1)t
1 f

m+(k−2)t
2 f

m+(k−3)t
1 . . . f

m−(k−2)t
2 f

m−(k−1)t
1 vλ is λ1−m+(k−1)t+1 which

is zero by our condition on λ’s.

Hence e1f
m+(k−1)t
1 f

m+(k−2)t
2 f

m+(k−3)t
1 . . . f

m−(k−2)t
2 f

m−(k−1)t
1 vλ = 0. Similar facts

for e2, and f1, f2 are proved similarly. This completes the proof of Proposition 3.12.

We can now formulate the first main result concerning A1
1.

Theorem 3.14 [5]. The expression

F (m, k, t) = f
m+(k−1)t
1 f

m+(k−2)t
2 f

m+(k−3)t
1 . . . f

m−(k−2)t
2 f

m−(k−1)t
1

makes sense for any m, k ∈ Z>0 and any t ∈ C. If λ1 = m−1−(k−1)t, λ2 = −m−1+kt,
then F (m, k, t)vλ is a singular vector of M(λ) of weight λ−m(kα1 + (k− 1)α2). All these
assertions remain true, if we do a swap λ1 ↔ λ2, f1 ↔ f2, α1 ↔ α2.

The part of this theorem, which remains to be proved, is the making sense assertion. In
the article cited above, we deduce it from some known constructions in the representation
theory that for given m, k the expression makes sense for infinitely many values of t,
which, certainly, implies the result. Still, it is true that the fact can be proven by direct
computations (making use of Remark after Corollary 3.13). To encourage the reader to
make these direct computations, I show such a computation in the first non-trivial case,
namely for k = 2:

fm+t
1 fm2 f

m−t
1 = fm+t

1 fm−t1 fm2 +
∑
u,v>0

(
m

u

)(
m+ t

v

)
fm+t

1 fm−t−v1 fm−u2 Quv(f2, f1)

= f2m
1 fm2 +

∑
u,v>0

(
m

u

)(
m+ t

v

)
f2m−v

1 fm−u2 Quv(f2, f1).

But

(
m

u

)
= 0, if u > m, and Quv(f2, f1) = 0, if v > 2u (see Corollary 3.13), hence if

u ≤ m, v > 2m. Thus, our expression contains f1 and f2 only to non-negative integral
powers.

For example,

f1+t
1 f2f

1−t
1 = f2

1 f2 + (1− t)f1[f2, f1]− (1− t)t
2

[ [f2, f1], f1].
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Finally, consider the case of λ satisfying the equation λ1 + λ2 + 2 = 0. In this case,
there should be a singular vector in M(λ)λ−(α1+α2), and this vector generates a submodule
of M(λ) isomorphic to M(λ − (α1 + α2)). But (λ − (α1 + α2))(h1) = λ1 − (2 − 2) = λ1,
and, similarly, (λ− (α1 + α2))(h2) = λ2. We see that the submodule is isomorphic to the
whole module M(λ). Then it contains a singular vector of its own, the latter generates a
submodule which is again isomorphic to M(λ), and so on. Below, we give explicit formulas
for many singular vectors, and, actually, as it was shown by Malikov [6], our construction
gives all of them.

Let us introduce notations for some elements n− :

b1 = f1, b2 = f2, b3 = [f1, b2], b4 = −[f1, b3], b5 = [f2, b3],

and, by induction,

b3k = [f1, b3k−1], b3k+1 = −[f1, b3k], b3k+2 = [f2, b3k].

(Notice that the projection g(A)→ sl(2)⊗C[t, t−1] takes b3k−1, b3k, b3k+1 into e⊗ t−k, h⊗
t−k, f ⊗ t−k.)

These b1, b2, b3, . . . form a basis in n−, and they satisfy the relations [bi, bj ] = aijbi+j
where aij = 0 or ±1 and aij ≡ j − i mod 3. (This is Exercise 6.12.)

Lemma. (1) [h1, bj ] = αjbj where αj =

{
0, if j ≡ 0 mod 3,
−2, if j ≡ 1 mod 3,

2, if j ≡ 2 mod 3;
[h2bj ] = −[h1, bj ] for

all j.

(2) [e1, b1] = h1; for j 6= 1, [e1, fj ] = βjbj−1 where βj =

{
2, if j ≡ 0 mod 3,
−2, if j ≡ 1 mod 3,

0, if j ≡ 2 mod 3.

(3) [e2, b2] = h2; for j 6= 2, [e2, bj ] = γjbj−2 where γj =

{−2, if j ≡ 0 mod 3,
0, if j ≡ 1 mod 3,
2, if j ≡ 2 mod 3.

Proof: a direct computation by induction.

Theorem 3.15. [5]. Let λ1 + λ2 + 2 = 0, and let

Bk = b1b3k−1 + b2b3k−2 + . . .+ b3k−1b1 − (λ1 + 1)b3k.

Then, for any k1, . . . , kq,
BkqBkq−1

. . . Bk1vλ

is a singular vector in M(λ)λ−(k1+...+kq)(α1+α2). Moreover, the operators Bk commute
with each other, and the singular vectors shown above are linearly independent.

Proof. The relation BkBk′ = Bk′Bk is checked directly, the linear independence of
the singular vectors shown follows from PBW. For the main statement, it is sufficient to
check that e1Bkvλ = e2Bkvλ = 0; it is also checked directly, but let us do it.

e1b1b3k−1 = h1b3k−1 + b1b3k−1e1 = b3k−1(h1 + 2) + b1b3k−1e1,

e1b3k−1b1 = b3k−1h1 + b3k−1b1e1,

e1b3k = 2b3k−1 + b3ke1,

37



and for j 6= 1, 3k − 1,

e1bjb3k−j =


2bj−1b3k−j , if j ≡ 1 mod 3

− 2bjb3k−j−1, if j ≡ 0 mod 3
2bj−1b3k−j + 2bjb3k−j−1, if j ≡ 2 mod 3

+ bjb3k−je1

The summation shows that

e1Bkvλ = [b3k−1(h1 + 2) + b3k−1h1 − 2(λ1 + 1))b3k−1 +Bke1]vλ

= (λ1 + 2 + λ1 − 2(λ1 + 1))b3k−1vλ = 0.

Similarly, e2Bkvλ = 0.

3.5.2. The general case. Now we will generalize the results of Section 3.4.1 to the
case of arbitrary Kac-Moody algebras. The proofs are similar to proofs in Section 3.4.1,
and we will not repeat them.

3.5.2.1. The Weyl group. The notion of the Weyl group is one of the main notions
of the classical Like theory. It is important that it is naturally extended to the Kac-Moody
theory, but we did not need it up to now. Now, it is time to introduce it.

Let λ, µ ∈ h∗ and 〈µ, µ〉 6= 0. Put

sµ(λ) = λ− 2〈µ, λ〉
〈µ, µ〉

µ.

We get a linear transformation sµ: h∗ → h∗ with the following properties: s2
µ = id, sµ(µ) =

−µ, sµ(λ) = λ, if 〈µ, λ〉 = 0; in other words, sµ is a reflection of h∗ in the orthogonal
complement {λ | 〈µ, λ〉 = 0} of µ in the direction of µ. Put si = sαi and let W be the
group of transformations of h∗ generated by s1, . . . , sn. This group is called the Weyl group
of g(A).

Notice that si(αj) = αj − aijαi. In particular, A = span(α1, . . . , αn) is W -invariant,
and si’s are identities on the orthogonal complement of A; thus, W may be regarded as
the group of transformations of A. It is clear also that the action of W preserves the inner
product 〈 , 〉.

It is true also that the action of W always take roots into roots; this is Exercise 6.13.

Examples. (1) The picture below shows the action of the Weyl groups in the sets
of roots of the Lie algebras sl(3), so(5), and G2; solid arrows show the action of s1, and
dashed arrows show the action of s2.
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Our next example contains a description of the Weyl group for sl(n + 1), which,
certainly may be applied to sl(3). As to the two other example above, the description of
the Weyl groups and their orbits in the sets of roots is left to the reader.

(2) Let g(A) = sl(n + 1). In this case α1, . . . , αn is a basis of h∗, and the action of
reflections si is the following:

si(αj) =


−αj , if j = i,
αj + αi, if j = i± 1,
αj otherwise.

Expand h∗ by adding one more basis vector, αn+1, put si(αn+1) = αn+1 for all i; then
make a basis change α1 = β1 − β2, . . . , αn = βn − βn+1, αn+1 = β1 + . . . + βn+1. The
transformation si becomes a transposition βi ↔ βi+1. Thus, W is the symmetric group
S(n+ 1).

(3) Let g(A) = A1
1. Then the action of the Weyl group is

s1(α1) = −α1, s1(α2) = 2α1 + α2,
s2(α1) = α1 + 2α2, s2(α2) = −α2.

Return to the diagram (A1
1) in Section 2.3.3; we see that s1 and s2 are reflections in

the flashed line, in the horizontal and vertical direction respectively. (Similar holds for
g(A) = A2

2: see diagram (A2
2).) As a group, W (for A1

1 and A2
2, as well, actually, as for

all infinite-dimensional Kac-Moody algebras of rank 2) is a free product of two copies of
Z/2Z; its elements are

s1 or 2 . . . s1s2s1s2s1s2 . . . s1 or 2.

Returning to the case of A1
1, put Sk = s1s2s1 . . . s1︸ ︷︷ ︸

2k−1

; it is easy to check that

Sk(α1) = −(2k − 1)α1 − (2k − 2)α2, Sk(α2) = 2kα1 + (2k − 1)α2
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and to deduce from that that S = sα where α = kα1 + (k− 1)α2. You may wish to repeat
all this with the interchange 1↔ 2.

Similar statements hold for A2
2: see Exercise 6.14.

We will need also transformations sρµ: h∗ → h∗ given by sρµ(λ) = sµ(λ + ρ) − ρ (we
assume, as before, that a ρ ∈ h∗ with ρ(hi) = 1 for all i is fixed). It is the reflection in the
direction of µ in the (affine) hyperplane parallel to the orthogonal complement to µ and
passing through −ρ. In general, this is not a linear transformation: sρµ(0) does not need
to be zero (but sρµ(−ρ) = −ρ).

Below, we will use the notation ϕρ for all tranformations ϕ: h→ h. Namely, ϕρ(λ) =
ϕ(ρ+ λ)− ρ.

3.5.2.2. Real and imaginary roots. The statements made in connection with
Example (2) have, actually, far-reaching generalizations. Call a root α of g(A) real, if the
only root proportional to α is −α. Roots, which are not real, are called imaginary. It
is a common knowledge that all roots of finite-dimensional simple (and semisimple) Lie
algebras are real (so the notions of real and imaginary roots do not belong to the classical
Lie theory). But for the Kac-Moody algebras these notions are important. From the root
diagrams for A1

1 and A2
2, we see that roots on the flashed lines are imaginary and all the

other roots are real. Similar situation occurs for all affine algebras (Section 2.3.3). As
to more general case, I have neither desire nor opportunity to discuss the details (I can
recommend the book “Infinite-dimensional Lie algebras” by Victor Kac [4], especially the
last, 3-rd, edition.) But I provide some important properties of real and imaginary roots
in a proposition below.

Proposition 3.16. (1) If α is an imaginary root of g(A), then mα is also a root for
all non-zero integers m.

(2) Real roots are precisely those from the Weyl group orbits of the simple roots
α1, . . . , αn; in particular, all real roots have positive inner squares.

(3) Imaginary roots have non-positive inner squares.
(4) The set of elements of W which are reflections in hyperplanes coincides with the

set of reflections sα for all real roots of α of g(A).

For affine algebras, it is true that every imaginary root has zero inner square, and
they all belong to the hyperplane d1α1 + . . . + dnαn. For A1

1 and A2
2 it is visible from

our diagrams, and, frankly, the proof for all affine algebras is not too hard. As to the

other Kac-Moody algebras, I will illustrate the proposition for the case of g

(
2 −1
−5 2

)
(see the diagram on the next page). The diagram repeats that on Page 20, but I drop
the dimensions of the root spaces. Also on the diagram below I restrict myself to the
n+-domain (the n−-domain is symmetric).

The roots on the axes are α1 and α2. Their Weyl group orbits of these roots marked
with the letters A and B (the two generators of the Weyl group are the reflection of
all rows and the reflection of all columns). We see that there are only 11 real roots
within the picture: α1, α2, α1 + α2, α1 + 4α2, α1 + 5α2, 3α1 + 4α2, 3α1 + 11α2, 4α1 +
5α2, 4α1 +15α2, 8α1 +11α2, 11α1 +15α2. The inner products 〈α1, αj〉 are entries asym

ij of
the symmetrized Cartan matrix. Thus, for the example above, 〈α1, α1〉 = 2, 〈α1, α2〉 = −1,
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and 〈α2, α2〉 =
2

5
. From this, 〈k1α1 + k2α2, k1α1 + k2α2〉 = 2k2

1 − 2k1k2 +
2

5
k2

2, and the

root k1α1 + k2α2 is imaginary, if 0.2764 ≈ 5−
√

5

5
<
k1

k2
<

5 +
√

5

5
≈ 0.7236. The main

impression is that for the “hyperbolic” Kac-Moody algebras real roots are rather rare. All
the roots between the two slight lines are imaginary.

3.5.2.3. Formulas for singular vectors. Take some λ ∈ h∗ and some sequence
i1, i2, . . . , iN of integers between 1 and n. Put λ0 = λ, λ1 = sρi1(λ0), . . . , λN = sρiN (λN−1).

The vector
−−−−−→
λm−1λm is collinear with αim ; define γm ∈ C by the condition

−−−−−→
λm−1λm =

γmαim .

Proposition 3.17.
f−γNiN

. . . f−γ1i1
vλ (8)

is a singular vector in M(λ). (We do not state here that the expression above “makes
sense”; we assert only that it is annihilated by each ej .)

Proof is similar to the proof of Proposition 3.12 in the previous section.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. ..........................................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

..................

................................................

..........................................

k1

k2

•
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦
◦
◦
◦
◦
◦

A

A A

A A

B B

B B

B B

The expression (8) can make sense only it has an integral positive degree, that is,

if −γ1α1 − . . . − γNαN ∈ Λ+. This degree is equal to
−−−→
λNλ0, that is, wρ(λ) − λ where
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w = siN . . . si1 . For an η ∈ Λ+, the equation wρ(λ) − λ = η determines in h∗ an empty
set, or an affine plane parallel to the plane of fixed points of w. The most essential
case is when this plane has maximal possible dimension, that is if it is a hyperplane,
that is, if w is a reflection, that is, if w = sα for some real root α. But in this case
wρ(λ) − λ is proportional to α. We arrive at the conclusion that in this case we must
have sρα(λ) − λ = mα with a positive integral m, which is the same as the Kac-Kazhdan

equation λ(hα) + ρ(hα) =
m〈α, α〉

2
.

Theorem 3.18 [5]. Let α be a positive real root of g(A), let sα = siN . . . si1 be a
shortest possible presentation of sα as a product of si’s, let λ ∈ h∗ satisfy the Kac-Kazhdan
equation sρα(λ) − λ = mα where m is a positive integer. Let γ1, . . . , γN ∈ C be defined as
above. Then

f−γNiN
. . . f−γ1i1

vλ

makes sense and is a singular vector in M(λ)λ−mα.

For imaginary roots α with negative 〈α, α〉 the method of [5] gives the following result.
Let α and β are two such roots, and let wα = β for some w = siN . . . sj1 ∈ W . For a
λ ∈ n−, we put µ = λ− nα and define sequences γ1, . . . γN ; δ1, . . . , δN by the formulas:

λ0 = λ, λj = sρij (λ
j−1),

−−−−→
λj−1λj = γjαij ;

µ0 = µ, µj = sρij (µ
j−1),

−−−−→
µj−1µj = δjαij .

Suppose that we know a polynomial function Fmα on {λ ∈ h∗ | sρα(λ)−λ = mα} such that
Fmα(λ)vλ is a singular vector in M(λ)λ−mα. Then the following holds:

Theorem 3.19 [5].
fδ1i1 . . . f

δN
iN
Fmα(λ)f−γNiN

f−γ1i1
vµ

makes sense and is a singular vector in M(w(λ+ ρ)− ρ)w(λ+ρ)−ρ−mβ.

In other words, if we already have some formula for singular vectors for some imaginary
root α with negative 〈α, α〉, then we can derive from it formulas for all roots from the W -
orbit of α.

Notice, in conclusion, that Theorem 3.15 also can be generalized at least to Kac-
Moody algebras g(A) from the Subclass 2.1 in Section 2.4, that is, to central extensions
of the algebra g0 ⊗C[t, t−1], where g0 is a simple finite-dimensional Lie algebra. It is true
(we know it for A1

1) that all imaginary roots of the algebra g(A) have zero inner squares.
Let {ui} be a basis in g0 and {ui} be the dual (with respect to the Killing form) basis.

For a positive integer n, set

Tn =
∑

0<s<n

∑
i

(ui ⊗ t−s)(uj ⊗ ts−n).

This is an element of U(n−(A).
Let now λ ∈ h(A)∗ satisfies the equation (λ + ρ)(hα) = 0 (this is a generalization of

the equation λ1 + λ2 = −2 for A1
1).
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Theorem 3.20 [5] For any positive k1, . . . , kN ,

TkN . . . Tk1vλ

is a singular vector in M(λ); it does not depend on the order of k1, . . . , kN .

Notice that we do not state that this formula gives all singular vectors of M(λ).

For finite-dimensional Kac-Moody algebras the formulas above may be transformed
to a traditional form without negative and non-real exponent. The results do not look at-
tractive. Still for sl(3) there are rather compact formulas for singular vectors (see Exercise
6.15).

With this results, we finish studying representations of Kac-Moody algebras and pass
to the Virasoro algebra.

4. Virasoro algebra and its representations.

Although there is no commonly recognized classification of infinite-dimensional Lie
algebras, there are several important classes of them: limits of classical Lie algebras (several
versions of gl(∞), o(∞), and so on); Cartan algebras of formal (or polynomial) vector fields;
Kac-Moody algebras; current algebras; algebras of vector fields on manifolds; and some
others. The Virasoro algebra does not belong to any of these classes, and constitutes
a kind os separate class, consisting only of it (although, sometimes there appear some
“higher Virasoro algebras,” but they exist in a kind of shadow of the Virasoro algebra.
This makes the Virasoro algebra an extremely interesting mathematical object, but still
more it is known by its famous applications in Physics (the string theory, the conformal
fields theory, etc.) It should be mentioned that the Virasoro algebra is named after the
outstanding Argentine physicist Miguel Virasoro (1940-2021).

The Virasoro algebra is a central extension of the Witt algebra. So we begin with a
description of the latter.

4.1. The Witt algebra.

4.1.1. Definition.The Witt algebra is a Lie algebra with the basis {ei | i ∈ Z} and
the commutator [ei, ej ] = (j− i)ei+j . (Compare with the descriptions of A1

1/c and A2
2/c in

terms of bi’s in Section 3.1.5 and Exercise 6.12.) It may be considered as the Lie algebra

of polynomial vector fields in C∗ : ei = xi+1 d

dx
. Notation: Witt.

Proposition 4.1. The Lie algebra Witt is simple.

Proof. Let I ⊂ Witt be an ideal, and let a non-trivial linear combination g =∑N
j=1mjekj belong to I. The successive commutators [e0, g], [e0, [e0, g]], . . . are

∑
knj ekj ,

n = 1, 2, . . ., and the all belong to I. This shows that all ekj belong to I, and hence I
is spanned by ei | i ∈ A for some A ⊂ Z; but since [ei, ej ] = (j − i)ei+j , j ∈ A implies
i+ j ∈ A for all i 6= j which shows that A = Z or 0).

Corollary 4.2. Witt has no non-trivial finite-dimensional representations.

Indeed, the kernel of a non-zero homomorphism Witt → gl(n) would have been a
proper ideal of Witt..
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4.1.2. Witt-modules Fλµ. The identification of ei with xi+1 d

dx
makes C[x, x−1]

a Witt-module. If we denote xj ∈ C[x, x−1] by fj , then eifj = jfi+j . The other major
example of a representation of Witt is the adjoint representation. If we denote ej considered
as a vector in the Witt-module Witt by fj , then the module structure will be described by
the formula eifj = (j− i)fi+j . We obtain a generalization of both these representations, if
we fix two complex numbers, λ and µ, and define Fλµ as a space with the basis fj , j ∈ Z
and the module structure eifj = (j + µ− λ(i+ 1))fi+j (an easy computation shows that
(eiej − ejei)fk = (j − i)ei+jfk = [ei, ej ]fk.

An analytic description of Fλµ is as follows: the space is the space of “forms”

xµp(x)(dx)−λ, p ∈ C[x, x−1], fj = xµ+j(dx)−λ, ei = xi+1 d

dx
(as above). In particular,

C[x, x−1] = F00,Witt = F1,1.

Remarks. (1) The Witt algebra has a natural Z-grading, deg ei = i. The module
Fλµ is also graded: deg fj = j.

(2) There is a Witt-module isomorphism Fλ,µ+1 → Fλµ of degree 1: fj 7→ fj+1

See also Exercises 6.16 and 6.17.

4.1.3. Dual, contragredient, and reverse modules. Let M = ⊕k∈ZMk be a
graded Witt-module (ei(Mk) ⊂ Mk+1) with all Mk finite-dimensional. We associate with
M three graded modules: the dual module M∗ = ⊕k∈Z(M∗)k, the contragredient module

M = ⊕k∈ZMk, and the reverse module M◦ = ⊕k∈ZM
◦
k in the following way:

(M∗)k = (M−k)∗, [(M∗)k
ei−−→ (M∗)k+i] = [(M−k−i

−ei−−→M−k]∗;

Mk = (Mk)∗, [Mk
ei−−→Mk+i] = [Mk+i

e−i−−→Mk]∗;

M◦k = M−k, [M◦k
ei−−→M◦k+i] = [M−k

−e−i−−→M−k−i].

It is clear that each of these operation repeated twice is the identity, and the composition
of any two of these operations is the third one (dual to contragredient is reverse, etc.).

Let us apply these operations to the modules Fλµ of Section 4.1.2.

Proposition 4.3. F∗λµ = F−1−λ,−1−µ,Fλµ = F−1−λ,µ−2λ−1,F◦λµ = Fλ,−µ+2λ.

Proof. Let {f∗j } be dual to {fj}: f∗j (fk) = δjk. Then in F∗λµ,Fλµ,F◦λµ respectively

[ei(f
∗
−k)](f−k−i) = (f∗−k)(−eif−k−i) = −(µ−k−i−λ(i+1)) = ((−1−µ)+k−(−1−λ)(i+1));

[eif
∗
k ](fk+i) = f∗k (e−ifk+i) = µ+ k + i− λ(−i− 1) = (µ− 2λ− 1) + k − (−1− λ)(i+ 1);

ei(f−k) = −e−if−k = −(µ− k − λ(−i+ 1))f−k−i = ((−µ+ 2λ) + k − λ(i+ 1))f−k−i.

4.2. Construction of the Virasoro algebra.

The Virasoro algebra is a central extension of the Witt algebra. We have encountered
central extensions before: for example, the Kac-Moody algebra A1

1 is a central extension
of the Lie algebra sl(2) ⊗ C[t, t−1]. But we avoided considering the general operation of
central extension of Lie algebras. But we cannot avoid it anymore.
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4.2.1. Central extensions. A (one-dimensional) central extension of a Lie algebra
g is a Lie algebra g̃ given with Lie algebra homomorphisms

C i−−→ g̃
p−−→g (9)

(C is regarded as a commutative Lie algebra) such that i is one-to-one, p is onto, ker(p) =
i(C) and i(C) is contained in the center of g̃. There exists a convenient classification of
central extensions of a given Lie algebra. Since p is onto, there exists a linear map (not
necessarily a Lie algebra homomorphism) q: g → g̃ such that p ◦ q = id. For g, h ∈ g,
[q(g), q(h)] does not need to be equal to q[g, h]; but p([q(g), q(h)]− q[g, h]) = [p ◦ q(g), p ◦
q(h)]− p ◦ q[g, h] = [g, h]− [g, h] = 0. Hence, [q(g), q(h)]− q[g, h] = i(c(g, h)) for a unique
c(g, h). This function c: g × g → C (together with q and the Lie algebra structure of g)

fully determines the central extension (9): for g̃, h̃ ∈ g̃,

[g̃, h̃] = q[p(g̃), p(h̃)]− i(c(p(g̃), p(h̃)]). (10)

(Proof: q[p(g̃), p(h̃)] = [q◦p(g̃), q◦p(h̃)]+i(c(p(g̃), p(h̃))); furthermore, since p(q◦p(g̃)−g̃) =

0, x = q ◦ p(g̃)− g̃ ∈ i(C) ⊂ center(g̃) and, similarly, y = q ◦ p(h̃)− h̃ ∈ center(g̃); hence,

[q ◦ p(g̃), q ◦ p(h̃)] = [g̃ + x, h̃+ y] = [g̃, h̃].)
We can take formula (10) (for linear maps i, p, q, c with properties listed above) for

the definition of a Lie algebra g̃, but we need to be sure that the axioms from the definition
of a Lie algebra (anti-commutativity and the Jacobi identity) hold. Translated into the
language of c, these mean that

c(g, h) = −c(h, g), c([g, h], k) + c([h, k], g) + c([k, g], h) = 0;

a bilinear function c: g × g → C with these properties is called a cocycle (or a 2-cocycle)
of g.

Thus, a cocycle determines a central extension, and every central extension is deter-
mined by a cocycle. We need only to find out how much a central extension determined
a cocycle. The transition from (7) to c involves a choice of q. For a different choice of q,
some q′ with p ◦ q′ = id, we have p ◦ (q′ − q) = 0, that is, q′ − q = i ◦ b for a b: g→ C. For
the corresponding cocycle c′,

i ◦ c′(p, q) = [q′(g), q′(p)]− q′[g, h] = [q(g) + i ◦ (b), q(h) + i ◦ (h)]− (q + i ◦ b)[g, h]

= [q(g), q(h)]− (q + i ◦ b)[g, h] = i ◦ (c(g, h)− b[g, h]),

that is, c′(g, h) = c(g, h)−b[g, h]. Cocycles c′, c with this property are called cohomologous,
c′ ∼ c. The vector space cocycles(g)/ ∼ is called the (2-dimensional) cohomology of g and is
denoted asH2(g). The main result of the construction above is a one-to-one correspondence
between the equivalence classes of central extensions of g and H2(g).

Remarks. (1) The zero cocycle corresponds to the trivial extension g̃ = g⊕C (a Lie
algebra isomorphism).

(2) The multiplication of a cocycle by a non-zero constant corresponds to the multipli-
cation of i by the same constant, that is, essentially, does not change the central extension.
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In conclusion, we will explain that the notion of a central extension arises naturally
in the representation theory. A projective representation of a Lie algebra g in a vector
space V is a linear map ρ: g→ End(V ) such that for any g, h ∈ g, ρ[g, h]− (ρ(g) ◦ ρ(h)−
ρ(h) ◦ ρ(g) = c(g, h) · id for some c(g, h) ∈ C. It is easy to check that this c must be a
cocycle. Moreover, cohomologous cocycles c′, c, c′(g, h) = c(g, h) − b[g, h] correspond to
“equivalent” projective representations ρ′, ρ, ρ′(g) = ρ + b(g)·. Thus, (equivalence classes
of) projective representations of g is the same as representations of central extensions of g
with ρ(i(a)) = a · id.

4.2.2. A deviation: back to the affine algebras.

4.2.2.1. The cocycle. We noticed in Section 3.4 that the simplest infinite-dimensional
Kac-Moody algebras, like A1

1, are central extensions of “current algebras” g0 ⊗ C[t, t−1],
which may be regarded as polynomials on C∗ with value in (a finite-dimensional sim-
ple) complex Lie algebra g0. The cocycle which gives rise to this central extension is
c(g ⊗ tm, h ⊗ tn) = δm+n,0〈g, h〉, where 〈 , 〉 is the Killing form on g0. A real (and more
analytic) version of this central extension is the following. The current algebra is the Lie
algebra of, say, C∞, functions on the circle S1 with values in a real simple Lie algebra
g0 with the commutator [ϕ,ψ](θ) = [ϕ(θ), ψ(θ)], and the cocycle, which determines the

central extension, is c(ϕ,ψ) =

∫
S1

〈ϕ(θ), ψ(θ)〉dθ.

4.2.2.2. From central extension of Lie algebras to central extensions of
Lie groups. The construction of central extensions (and the language of cocycles) exists
in many different contexts. In algebra, the central extension of a group G by an Abelian
group A is defined as a group Ĝ given with an embedding of A into G as a central subgroup
and with an isomorphism Ĝ/A ∼= G.

There exists the following classification of such central extensions. They correspond
to cocycles c:G × G → A satisfying the rule c(g, hk) = c(gh, k). Two cocycles are called
cohomologous, if their difference has the form c(g, h) = d(gh) for some function d:G→ A.
Central extensions, which correspond to cohomologous cocycles are isomorphic.

In the Lie theory, the commonly considered situation is the following. G and Ĝ
are Lie groups, A is R (or S1) and all homomorphisms are Lie homomorphisms. It is
known that finite-dimensional simple Lie groups, as well as Lie algebras, do not have
non-trivial central extensions; still, there are important examples. The simplest example
is the so called Heisenberg algebra: it is the central extension of the two-dimensional
commutative algebra with basis a, b. It is extended by one more basis element c with
[a, b] = c, [c, a] = 0, [c, b] = 0.

The correspondence between Lie algebras and Lie groups, which exists in the classical
finite-dimensional theory, exists also for central extensions. In particular, the Lie group,
which corresponds to the Heisenberg algebra, is the group of real unipotent 3× 3 matrices 1 a c

0 1 b
0 0 1

; its center is {a = b = 0} ∼= R; the quotient over the center is the Abelian

group R2.

4.2.2.3. The case of the current algebras. The “Lie group,” which corresponds
to the Lie algebra C∞(S1, g0) is the “current group” C∞(S1, G0), where G0 is the Lie
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group, which corresponds to the Lie algebra g0. So, what we are looking for, must be a
central extension of the current group. But here we arrive at a huge disappointment: there
exists a theorem that states that current groups have no central extension, either by R, or
by S1.

But there exists a way out of this hopeless situation. The central extension (by S1)
of the current group C∞(S1, G0) is a group structure not on C∞(S1, G0)× S1, but rather
on the (infinite-dimensional) manifold, whose projection onto C∞(S1, G0) is a non-trivial
fibration. Just for fun, I will describe this “manifold” in the case when G0 is SU(2), which
topologically is the sphere S3. The current group, topologically, is C∞(S1, S3). Consider
the set of pairs (f, F ), where F :D2 → S3 and f = F |S1 . We say that (f, F1) ∼ (f, F2), if
F1 and F2 “cobound” zero volume (certainly, this volume is defined modulo the volume of
S3). Thus, the “manifold” of equivalence classes is fibered over C∞(S1, S3), and the fiber
is S1. The group structure in out extended “manifold” is induced by the group structure
in S3 = SU(2).

4.2.3. Definition of the Virasoro algebra.

Proposition 4.4. (1) The formula

c(ei, ej) =
1

12
δ−i,j(j

3 − j)

determines a cocycle of the Witt algebra.

(2) This cocycle is not cohomologous to zero.

Proof. (1) We need to check that c([ei, ej ], ek) + c([ej , ek], ei) + c([ek, ei], ej) = 0, and
we can assume that i+j+k = 0 (otherwise the expression in the left hand side is 0+0+0).
In this case

12(c([ei, ej ], ek) + c([ej , ek], ei) + c([ek, ei], ej))

= (j − i)(k3 − k) + (k − j)(i3 − i) + (i− k)(j3 − j)
= [(j − i)k3 + (k − j)i3 + (i− k)j3]− [(j − i)k + (k − j)i+ (i− k)j]

= (i+ j + k)[(j − i)k2 + (k − j)i2 + (i− k)j2]− 0 = 0.

(2) If c(ei, ej) = b([ei, ej ]), then c(e−1, e1) = 2b(e0) and c(e−2, e2) = 4b(e0) which is

impossible since c(e−1, e1) = 0 and c(e−2, e2) =
1

2
.

The central extension of the Witt algebra determined by the cocycle c is called the Vi-
rasoro algebra and is denoted as Vir. Thus, Vir has the basis . . . , e−2, e−1, e0, e1, e2, . . . ; z
and the commutator relations

[z, ei] = 0, [ei, ej ] = (j − i)ei+j +
1

12
δ−i,j(j

3 − j)z.

Actually, the cocycle c represents the unique, up to a constant factor, 2-dimensional
cohomology class of Witt (this is Exercise 6.19).

Historical notes. The cocycle (proportional to) c first appeared (in the context of
the Lie theory over fields of finite characteristic) in mid-60’s (Block [6]). It was rediscovered
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in 1968 by Israel Gelfand and myself [7]; we, actually computed not just H2, but the full
cohomology H∗ of Witt (not defined in these lectures). Then the Virasoro algebra was
rediscovered in the early 70’s by physicists, for whom it was the algebra of infinitesimal
symmetries in some important quantum field theories, in particular, in the string theory.

The factor
1

12
(which, actually, makes many formulas better looking) and, which is much

more important, some basic constructions considered below (Fock spaces, vertex operators,
etc.) are contributions of physicists.

4.3. Verma modules over the Virasoro algebra.
4.3.1. Generators and grading. The Virasoro algebra has a natural Z-grading:

deg ei = i, deg z = 0. We split it in our usual way: Vir = n−⊕h⊕n+ where n− is spanned
by ei with i > 0 and n+ is spanned by ei with i < 0 (we accept this strange agreement
to make our notations compatible with those of some key works on representations of the
Virasoro algebra), h is spanned by e0 and z, and n+ is spanned by ei with i < 0. There
arise Verma modules M(λ) labeled by λ ∈ h∗; we will use for M(λ) the notation M(h, c)
where h = λ(e0) and c = λ(z). The module M(h, c) has a basis ei1 . . . eiqv, i1 ≤ . . . ≤ iq
arranged into “levels” M(h, c)k, k ≥ 0:

v level 0
e1v level 1

e2
1v e2v level 2

e3
1v e1e2v e3v level 3

e4
1v e2

1e2v e1e3v e2
2v e4v level 4

. . . . . . . . . . . . . . . . . . . . . . . . . . .

It is clear from this diagram that dimM(h, c)k = p(k), the number of partitions of k. By
the construction of the Verma modules, e−i(v) = 0 for all i > 0 and e0(v) = hv, z(v) = cv.
The relations [z, ek] = 0, [e0, ek] = kek imply that z acts as the multiplication by c on the
whole module M(h, c) (the physicists would have said, the central charge is c) and e0 acts
on M(h, c)k as the multiplication by h+ k.

4.3.2. Examples of reducible Verma modules. As before, it is important to
find out, for which h, c the Verma module M(h, c) is reducible, that is, contains singular
vectors in some M(h, c)k with k > 0. A vector w ∈ M(h, c)k, k > 0 is singular (and then
it is of type (h+ k, c)), if and only if e−1v = 0, e−2v = 0 (e−1 and e−2 generate n+). For
relatively small values of k, it is not hard to determine all h, c for which M(h, c)k contains
a singular vector; for brevity’s sake, we do it here assuming that c = 0.

For k = 1, we observe that e−1e1v = 2hv, e−2e1v = 0; hence, M(h, c)1 contains a
singular vector if and only if h = 0.

For k = 2, we observe that

e−1e
2
1v = 2(2h+ 1)e1v,

e−1e2v = 3e1v,

e−2e
2
1v = 6hv,

e−2e2v = 4hv;

thus, a singular vector in M(h, c)2 exists if and only if

det

[
2(2h+ 1) 6h

3 4h

]
= 16h2 − 10h = 0,
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that is, if and only if h = 0 or
5

8
.

For k = 3, we find that

e−1e
3
1v = 6(h+ 1)e2

1v,
e−1e1e2v = 3e2

1v + 2(h+ 2)e2v,
e−1e3v = 4e2v,

e−2e
3
1v = 6(3h+ 1)e1v,

e−2e1e2v = (4h+ 9)e1v,
e−2e3v = 5e1v;

thus, M(h, c)3 contains a singular vector if and only if

det

 6(h+ 1) 0 6(3h+ 1)
3 2(h+ 2) 4h+ 9
0 4 5

 = −12(3h2 − 7h+ 2) = 0,

that is, if and only if h = 2 or
1

3
.

Further computations (which become more and more involved when k grows) show

that M(h, 0)4 contains singular vectors (only) for h = 1,
1

8
,

33

8
; M(h, 0)5 contains singular

vectors for h = 0, 2, 7; and M(h, 0)6 contains singular vector for h = − 1

24
, 1,

10

3
,

85

8
.

Remark. An attentive reader could notices that all the values of h, for which the

module M(h, 0) has a singular vector have the form
m2 − 1

24
. Actually, this is true and

will be proved below; see Section 4.8.1.1.

4.3.3. Criterion of reducibility: statement. Below (in Section 4.5), we will prove
the following criterion of reducibility of Verma modules over the Virasoro algebra.

For p, q ∈ Z>0, let Φpq be a curve in the plane C2(h, c) with parametric equations

h =
1− p2

4
t+

1− pq
2

+
1− q2

4
t−1,

c = 6t+ 13 + 6t−1.

Obviously, Φpq = Φqp; if p = q then it is the straight line 24h = (1 − p2)(c − 1); if p 6= q,
then Φpq is a conic, in R2(h, c) a hyperbola.

The curves Φp,q are presented on a diagram on the next page.

The lower branches of hyperbolas Φpq fill densely the domain c ≤ 0, h ≥ 1

24
c, the

upper branches are contained in the domain c ≥ 25, h ≤ 0 but their union is nowhere
dense.

Theorem 4.5. (1) If (h, c) is not contained in any of Φpq then the Verma module
M(h, c) is irreducible.

(2) If (h, c) ∈ Φpq but is not contained in any Φp′q′ with p′q′ < pq, then there is a
singular vector in M(h, c)pq and no singular vectors in M(h, c)k with 1 ≤ k < pq.

We will give a proof and a more detailed statement in Section 4.5 below.
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If (h, c) ∈ Φpq and c = 0, then t = −2

3
or t = −3

2
and h =

(2p− 3q)2 − 1

24
or

(3p− 2q)2 − 1

24
. This gives, at least partially, an explanation to the computations above in

this section.
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4.3.4. Modules contragredient to Verma modules. There are several important
two-parameter families of Vir-modules. One is the family of Verma modules. Another
family will be constructed and studied in Section 4.4. One more will appear in Section
5.1.2. But now we will consider an immediate example: Vir-modules contragredient to
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Verma modules.

The module M(h, c) has a significant resemblance to the module M(h, c). First,
dimM(h, c)k = dimM(h, c)k. Second, M(h, c)0 = Cv, where v(v) = 1, and v is a singular

vector of the type (h, c). Third, if M(h, c) is irreducible, then M(h, c) ∼= M(h, c), and
if M(h, c) is reducible, then M(h, c) is also reducible. But in this last case, the modules
M(h, c) and M(h, c) are sharply different.

Proposition 4.6. (1) The module M(h, c) has no singular vectors not proportional
to v.

(2) The submodule B of M(h, c) generated by v is isomorphic to the (irreducible)
quotient of the module M(h, c) over its maximal submodule L(h, c) 63 v.

(3) M(h, c)/B ∼= L(h, c).

Proof. (1) Let f ∈M(h, c)k, k > 0 be a singular vector. Then, for any x ∈M(h, c)k−i,
f(eix) = e−if(x) = 0. But M(h, c)k is spanned by the sets ei(M(h, c)k−i), which provides
a contradiction.

(2) There exists a Vir-epimorphism M(h, c)→ B. Thus B is a quotient of M(h, c). If
B were reducible, it would have contained a singular vector not in Cv, which is impossible
by (1).

(3) follows from (2).

4.4. The Vir-module of semi-infinite forms.

For us, these modules (as well as the whole notion of semi-infinite forms) will serve as
a tool for proving our main result (Theorem 4.5). To establish reducibility or irreducibility
of Verma modules, we need the information about singular vectors in this modules. But
constructing of these vectors turns out to be a very difficult problem (we will discuss some
results in this direction in Section 4.6). Our main idea is find sufficiently many singular
vectors in some other modules, and with their help to approach the problem of reducibility
of Verma modules. These “other modules” will be the modules of semi-infinite forms.

4.4.1. Definition. Let λ, µ ∈ C. In Section 4.1.2, we considered Witt- (and Vir-)
modules Fλµ with a basis {fj}. Now we consider infinite monomials

. . . ∧ fj3 ∧ fj2 ∧ fj1 , . . . < j3 < j2 < j1, jk = −k for almost all k.

For a monomial F as above, we set degF =
∑
k(jk + k). Then the number of monomials

of a given degree k is p(k), the number of partitions k = k1 + . . .+ ks, k1 ≥ . . . ≥ ks: for
a partition τ = {k1, . . . , ks}, we set

Fτ = . . . ∧ f−s−1 ∧ f−s+ks ∧ . . . ∧ f−2+k2 ∧ f−1+k1 . (11)

Finite linear combinations of monomial (of degree k) are called semi-infinite forms (of
degree k), and the (graded) space of semi-infinite forms is denoted as H(λ, µ). (The
physicists call it the fermionic Fock space). We will define on this space a structure of a
graded Vir-module; this structure (unlike the space H(λ, µ) itself) will depend on λ and
µ.
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For i 6= 0, we define the action of ei on H(λ, µ) by the formula

ei(. . . ∧ fj3 ∧ fj2 ∧ fj1) =

∞∑
k=1

(. . . ∧ eifjk ∧ . . . ∧ fj2 ∧ fj1) (12)

(We may need to rearrange the factors to make the sequence of subscripts monotonic; this
may result in a sign change). This works, since eifjk is proportional to fjk+i, and for
almost all k, jk + i is contained among j`’s. Notice that ei:H(λ, µ)k → H(λ, µ)k+i.

For i = 0 this definition does not work. We take for the definition of the action

of e0 the equality e0 =
1

2
[e−1, e1]. Finally, the action of z is defined by the equality

[e−2, e2] = 4e0 +
1

2
z. The following proposition shows that these operators ei and z satisfy

the relations in the Virasoro algebra and provide an additional information on the action
of e0 and z.

Proposition 4.7. (1) If neither of i, j, i+ j is zero, then [ei, ej ] = (j − i)ei+j.
(2) [e0, ei] = iei.
(3) [ei, z] = 0.

(4) [e−i, ei] = 2ie0 +
1

12
(i3 − i)z.

(5) e0 acts in H(λ, µ)k as multiplication by
1

2
µ(µ− 2λ− 1) + k.

(6) z acts in H(λ, µ) as multiplication by −2(6λ2 + 6λ+ 1).

Proof. (1) If we apply ei and then ej to . . . ∧ fk3 ∧ fk2 ∧ fk1 , then we apply first
ei to one of the factors (since i 6= 0) and then ej to one of the factors (since j 6= 0). If
these factors are different, then the ordering ei, ej is irrelevant. Hence, the application of
eiej − ej − ei consists in successive application of eiej − ejei = (j − i)ei+j to fk1 , fk2 , . . ..
Thus, (eiej − ejei)(. . . ∧ fk3 ∧ fk2 ∧ fk1 . . . ∧ fk3 ∧ fk2 ∧ fk1) = (j − i)ei+j(. . . ∧ fk3 ∧ fk2 ∧
fk1 . . . ∧ fk3 ∧ fk2 ∧ fk1) (since i+ j 6= 0).

(2) If i 6= 0, then [ [e−1, e1], ei] = [e−1, [e1, ei] ] − [e1, [e−1, ei] ] = (i − 1)[e−1, ei+1] −
(i + 1)[e1, ei−1] = [(i − 1)(i + 2) − (i + 1)(i − 2)]ei = 2iei; thus the equality [e0, ei] = iei
also holds.

(3) [ei, [e−2, e2]] = [[ei, e−2], e2]+[e−2, [ei, e2]] = (−2− i)[ei−2, e2]+(2− i)[e−2, ei+2] =

[(−2−i)(4−i)−(2−i)(i+4)]ei = −4iee = 4[ei, e0]. Hence, [e1, z] =
1

2
[ei, [e−2, e2]−4e0] = 0.

(4) For i = 1 and 2, it is the definition. For i > 2 we use induction:

[e−i, ei] =
1

i− 2
[e−i, [e1, ei−1] ]

=
1

i− 2
([ [e−i, e1], ei−1] + [e1, [e−i, ei−1] ]) =

i+ 1

i− 2
[e−i+1, ei−1] +

2j − 1

i− 2
[e1, e−1]

=

(
2(i− 1)(i+ 1)

i− 2
− 2(2i− 1)

i− 2

)
e0 +

i+ 1

12(i− 2)
((i− 1)3 − (i− 1))z

= 2ie0 +
1

12
(i3 − i)z.
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(5) We need to compute

1

2
[e−1, e1](. . . ∧ f−(s+2) ∧ f−(s+1) ∧ f−s+ks ∧ f−(s−1)+ks−1

∧ . . . ∧ f−1+k1)

where 1 ≤ ks ≤ . . . ≤ k1 and ks + . . . + ki = k. For this, we need to apply to one
factor e1, then apply to one factor (the same or other) e1, take the sum of all the forms
obtained; then do the same in the other order (first e−1 and then e1) and to subtract
the second result from the first. As we noted in Proof of (1), if we apply e−1 and e1 to
different factors, then the order does not matter, so we cancel these terms. Furthermore,
the application of e±1 to f−(s+2), f−(s+3), . . . turns the whole product to zero, as well as
the application of e−1 to f−(s+1). What remains, we need to apply successively e−1e1 to
f−(s+1) and e−1e1−e1e−1 = 2e0 to f−s+ks , f−(s−1)+ks−1

, . . . , f−1+k1 . Since e−1e1f−(s+1) =
(−(s+ 1) +µ− 2λ)(−s+µ)f−(s+1) and e0fj = (j+µ−λ)ej , the whole operation consists
in multiplication by one half of the sum of these coefficients:

(−(s+ 1) + µ− 2λ)(−s+ µ)/2 + (−s+ ks + µ− λ) + . . .+ (−1 + k1 + µ− λ).

The first of the summands is
1

2
(−(s+1)+µ−2λ)(−s+µ) =

1

2
(µ2−2λµ−µ(2s−1)+2λs+

s(s+1)); the sum of the other summands is (−s+ks−(s−1)+ks−1+. . .−1+k1+sµ−sλ =

−s(s+ 1)

2
+ k + sµ− sλ. The total sum is

1

2
(µ2 − 2λµ− µ) + k, as was stated.

(6) The proof is similar to that of (5), but shorter. We need to apply to the same
product as in (5) [e−2, e2] + 4e0 = [e−2, e2] + 2[e−1, e1] and then to multiply the result by
2. But since in Fλ,µ [e−2, e2] + 4e0 = 0, almost everything cancels, and all we need is to
calculate e−2e2f−(s+2), e−2e2f−(s+1),−2e−1e1f−(s+1), the add up the coefficients arising,
and the multiply the result by 2. These three coefficients are

(−(s+ 2) + µ− 3λ)(−s+ µ+ λ), (−(s+ 1) + µ− 3λ)(−(s− 1) + µ+ λ),

−2(−(s+ 1) + µ− 2λ)(−s+ µ),

and their sum is −6λ2 − 6λ− 1. This completes the proof.
Proposition 4.6 establish a structure of a Vir-module on H(λ, µ). Notice that the

modules H(λ, µ) and H(−1 − λ, µ − 2λ − 1) are contragredient (because the correspond-
ing modules F are contragredient) and the modules H(λ, µ) and H(λ,−µ + 2λ + 1) are
isomorphic. The isomorphism is established by the formula

. . . ∧ f−3−k3 ∧ f−2−k2 ∧ f−1−k1 ↔ . . . ∧ f−3−k3 ∧ f−2−k2 ∧ f−1−k1

where (k1, k2, k3, . . .) and (k1, k2, k3, . . .) are dual partitions, ki = #{j | kj ≥ i}.
The fact that this is a module isomorphism, is Exercise 6.19.

4.4.2. Modules of semi-infinite forms and Verma modules. Throughout this
section, we put

h =
1

2
µ(µ− 2λ− 1), c = −2(6λ2 + 6λ+ 1).
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Modules H(λ, µ) and M(h, c) have a lot in common: dimM(h, c)k = dimH(λ, µ)k, and the
action of e0 and z on M(h, c) and H(λ, µ) is the same: multiplication by h+ k and c. Let
us call a graded module M = ⊕k≥0Mk irreducible in degrees ≤ m, if for any submodule L
of M , the intersection L ∩ ⊕mk=0Mk is either ⊕mk=0Mk or 0.

Proposition 4.8. The module M(h, c) is irreducible if and only if so is H(λ, µ).
Moreover, the module M(h, c) is irreducible in degrees ≤ m if and only if so is H(λ, µ).

Proof. Since F = . . .∧f−3∧f−2∧f−1 ∈ H(λ, µ) is a singular vector of type (h, c), there
is a canonical homomorphism ϕ:M(h, c) → H(λ, µ), ϕ(v) = F . If ϕ is an isomorphism
in degrees ≤ m, then the modules M(h, c) and H(λ, µ) are isomorphic in degrees ≤ m
and hence these modules are irreducible in degrees ≤ m simultaneously. If ϕ is not an
isomorphism in degrees ≤ m, then 0 6= Kerϕ ∩ ⊕mk=0M(h, c)k 6= ⊕mk=0M(h, c)k and 0 6=
Imϕ ∩ ⊕mk=0H(λ, µ)k 6= ⊕mk=0H(λ, µ)k, so neither of the two modules is irreducible in
degrees ≤ m.

With this proposition in mind, to study the reducibility of Verma modules, we will
consider modules of semi-infinite forms. In the next section, we will demonstrate an explicit
construction of singular vectors in many such modules.

4.4.3. Singular vectors in modules of semi-infinite forms. Let s ∈ Z, n ∈ Z>0.
Consider the “expression”

ϕs,n =
∑

j1+...+jn=s+(n2)
j1<...<jn

∏
1≤u<v≤n

(jv − ju)∏
1≤u<v≤n

(v − u)
fj1 ∧ . . . ∧ fjn .

We could have regarded this expression as an element of Λn(Fλµ) but the sum is infinite.
For example, ϕ2t,2 = ft ∧ ft+1 + 3ft−1 ∧ ft+2 + 5ft−2 ∧ ft+3 + . . .. Still, it makes sense to
apply ei to this expression.

Proposition 4.9.
eiϕs,n = n(µ∗ − λ∗(i+ 1))ϕs+i,n

where

λ∗ = λ+
(n− 1)(n+ 2)

2n
, µ∗ = µ+ n+

s− 1

n
.

In particular, if λ = − (n− 1)(n+ 2)

2n
and µ = −n− s− 1

n
, then eiϕs,n = 0.

It is not hard to prove this by a direct computation, but we will postpone the proof,
since we will prove a more general statement below (Section 5.2.3).

Let us assume now that λ = − (n− 1)(n+ 2)

2n
and µ = −n− s− 1

n
. For a semi-infinite

form Φ, consider the expression Ψ = Shift−nk

(
Φ ∧ (ϕs,n)

k
)
. In other words, we multiply

Φ k times by ϕs,n and then subtract nk from every subscript at every f in the result.
We again obtain a semi-infinite form. (The shift of the indices is necessary to keep the
condition jk = −k for k large.)

54



From now on we assume that n is even.

Proposition 4.10. For our choice of λ and µ, the map Φ 7→ Ψ is a Vir-homomorphism

H(λ, µ)→ H(λ, µ+ nk) of degree k

(
s− n2(k − 1)

2

)
.

Proof. It follows from Proposition 4.9, that ei

(
Φ ∧ (ϕs,n)

k
)

=
(
eiΦ ∧ (ϕs,n)

k
)

; as

to the shift by −nk, it commutes with e1, if we shift µ accordingly. Commuting with
z is obvious: z is a multiplication by c = −2(6λ2 + 6λ + 1) both before and after the
homomorphism. It remains to determine the degree. The contribution of Shift−nkΦ into
deg Ψ is deg Φ (in each summand j` + `, j` loses nk and ` gains nk). The sum of the

subscripts in ϕks,n is k

(
s+

(
n

2

))
; the shift by nk results in a subtracting (nk)2, and

adding the numbers (` to j`) contributes
nk(nk + 1)

2
. The final result for the degree is

k

(
s+

(
n

2

))
− (nk)2 +

nk(nk + 1)

2
= k

(
s+

n2 − n− 2n2k + n2k + n

2

)
= k

(
s− n2(k − 1)

2

)
.

Proposition 4.11. If s >
n2(k − 1)

2
, then the Vir-homomorphism H(λ, µ) →

H(λ, µ+ nk) is not trivial.

The proof of this we also postpone to Section 5.2.5.

Corollary 4.12. If

λ = − (n− 1)(n+ 2)

2n
and µ = −n− s− 1

n
,

then the module H(λ, µ+ nk) has a singular vector of degree k

(
s− n2(k − 1)

2

)
.

4.5. Proof of reducibility criterion of Verma modules over Vir.

Using the above results on the module of semi-infinite forms, we can prove the Theorem
4.5. We use the parametric equations

hpq(t) =
1− p2

4
t+

1− pq
2

+
1− q2

4
t−1,

cpq(t) = c(t) = 6t+ 13 + 6t−1.

of the curve Φpq given in Section 4.4.3.

Lemma. If

λ = − (n− 1)(n+ 2)

2n
, µ = (k − 1)n− s− 1

n
, p = k, q = s− n2(k − 1)

2
, t = −n

2

2
,
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then

hpq(t) =
1

2
µ(µ− 2λ− 1), c(t) = −2(6λ2 + 6λ+ 1).

Proof is a direct computation, but we will do it. First,

λ = −n
2
− 1

2
+

1

n
, λ+ 1 = −n

2
+

1

2
+

1

n
, λ(λ+ 1) =

(
−n

2
+

1

n

)2

−
(

1

2

)2

=
n2

4
− 5

4
+

1

n2
,

−2(6λ(λ+ 1) + 1) = −3n2 + 13− 12

n2
= 6t+ 13 + 6t−1 = c(t)

with t = −n
2

2
. Next,

µ− 2λ− 1 = (k − 1)n− s− 1

n
+ n+ 1− 2

n
− 1 = kn− s+ 1

n
,

1

2
µ(µ− 2λ− 1) =

k(k − 1)

2
n2 − 2ks− s− 1

2
+
s2 − 1

2n2
.

On the other hand,

1− p2

4
· t+

1− pq
2

+
1− q2

4
· t−1 =

(k2 − 1)n2

8
+

1− ks
2

+
n2k(k − 1)

4

+
s2 − 1

2n2
− s(k − 1)

2
+
n2(k − 1)2

8
=
k(k − 1)

2
n2 − 2ks− s− 1

2
+
s2 − 1

2n2
.

Thus,
1

2
µ(µ− 2λ− 1) = hpq(t).

Proposition 4.13. For any positive integers p and q, and any positive even n, the

module M(hpq(t), c(t)), where t = −n
2

2
, has a singular vector of positive degree ≤ pq.

Proof. Put k = p, s = q +
n2(k − 1)

2
, λ = − (n− 1)(n+ 2)

2n
, µ = (k − 1)n− s− 1

n
, and,

as above, t = −n
2

2
. Then µ−kn = −n− s− 1

n
, and, by Corollary 4.12, the module H(λ, µ)

has a singular vector of degree k

(
s− n2(k − 1)

2

)
= pq. In virtue of Proposition 4.8 and

the last lemma, this shows that the module

M

(
1

2
µ(µ− 2λ− 1),−2(6λ2 + 6λ = 1)

)
= M

(
hpq

(
−n

2

2

)
, c

(
−n

2

2

))
has a singular vector of degree ≤ pq.

Now, let us make use of the Shapovalov form. Similar to the Kac-Moody case, we
define Fh,c;k(x, y) ∈ C for x, y ∈ U(n−)k, by the formula σ(x)yv = Fh,c;k(x, y)v, where v is
the vacuum vector in M(h, c). This is a symmetric bilinear form on the space U(n−)k =
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M(h, c)k of dimension p(k), and the kernel of this form is precisely the intersection of the
maximal submodule of M(h, c) and M(h, c)k. The determinant of the form Fhp,q(t),cp,q(t);pq
in M(hp,q(t), cp,q(t))pq is a polynomial of t; but Proposition 4.13 shows that it is zero for

t = −n
2

2
for all even n. Hence, this determinant is zero for all t ∈ C. Now we can formulate

our main technical result.
For q ≥ p ≥ 1, let Gp,q be a polynomial in h and c, of degree 2, if p < q, and of degree

1, if p = q, such that Gp,q(h, c) = 0 is the equation of the curve Φpq.

Theorem 4.14. (conjectured by Kac [8], proved by Feigin and me [9]).

detFh,c;k = C
∏

q≥p≥1

pq≤k

[Gp,q(h, c)]
p(k−pq) (13)

where C is a non-zero constant.

Obviously, this result implies Theorem 4.5 from Section 4.3.3.

Proof of Theorem consists of two parts: (1) the two sides of (13) have the same degree;
(2) detFh,c;k is divisible by the product in the right hand side.

Proof of (1). The matrix of the Shapovalov form has rows and columns labeled by
partitions of k: the entry aτρ corresponding to partitions τ = {k1, . . . , ks}, ρ = {`1, . . . , `t}
is determined by the formula e−`1 . . . e−`tek1 . . . eksv = aτρv. The degree of the polynomial
aτρ does not exceed min(s, t), and, precisely as in Section 3.3.4, we find that in the de-
terminant, the only monomial of the highest degree is the product of the diagonal entries.
The degree of aττ is s = `(τ), the number of parts in the partition τ . Thus, deg detFh,c;k
(with respect to h and c) is

∑
τ∈P(k)

`(τ) where P is the set of partitions of k. On the other

hand,

deg
∏

q≥p≥1

pq≤k

[Gp,q(h, c)]
p(k−pq) =

∑
q>p≥1

pq≤k

2p(k − pq) +
∑
q=p≥1

pq≤k

p(k − pq) =
∑

q≥1,p≥1

pq≤k

p(k − pq).

Thus, we need to prove a simple combinatorial fact:∑
τ∈P(k)

`(τ) =
∑

q≥1,p≥1

pq≤k

p(k − pq).

Probably, it is well known, but I will provide a proof. Let Q(k) be the set of pairs (τ, (p, q))
where τ is a partition of k which contains p at least q(> 0) times. For a given partition τ
there are precisely `(τ) of different (p, q) satisfying the condition. (Indeed, let the partition
τ contains αm parts equal to m. Then the pairs (p, q), such that (τ, (p, q)) ∈ Q(k) are
(1, 1), . . . , (1, α1); (2, 1), . . . , (2, α2); . . ., and the number of such pairs (p, q) is α1+α2+. . . =
`(τ)). On the other hand, for a given (p, q) there are p(k − pq) partitions containing p at
least q times. Thus, the two sides of our projected equality are equal to the number of
elements in Q(k).
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Proof of (2) is based on a lemma:

Lemma. Let A(t) be an N × N matrix whose entries aij are infinitely differentiable
functions of t, and let D(t) = detA(t). In, for some t0, rankA(t0) ≤ N − r, then
D(s)(t0) = 0 for s < r.

Proof of Lemma. For an entry aij of A, denote as Aij the matrix obtained from A
by removing i-th row and j-th column. Assume (by induction) that for matrices of order
N − 1 the Lemma has been already proved. Obviously,

D′(t) =
∑
i,j

(−1)i+ja′ij(t) detAij(t),

and the s-th derivative D(s)(t) involves, at most (s−1)-st derivatives of detAij(t), and these
derivatives are all zeroes at t0, since rankAij(t0) ≤ rankA(t0) ≤ N−r = (N−1)− (r−1).

Back to (2). Let (h, c) ∈ Φp,q, pq ≤ k. Then M(h, c) contains a Verma submodule
generated by a singular vector of degree pq (or less) and hence the Shapovalov form Fh,c;k
has a kernel of dimension at least p(k − pq). Consider a curve γ = {γ(t)} in the plane
C2(h, c) transverse to Φp,q and such that γ(0) = (h, c); for the parameter t, we can take
Gp,q. By Lemma, detFγ(t);k is divisible by tp(k−pq), which certainly means that detFh,c;k
is divisible by Gp,q(h, c)

p(k−pq), as stated.

4.6. Explicit formula for singular vectors.

4.6.1. Examples and existing results. It follows from the results of previous
section that for h = hp,q(t), c = cp,q(t), there exists a unique, up to a non-zero constant
factor, singular vector in M(h, c)pq. As a function of t, it is a polynomial in t, t−1, and to
make it unique, we normalize it as σp,q(t)v, where

U(n−) 3 σp,q(t) =
∑

j1≥...≥js>1
j1+...+js=pq

P j1,...,jsp,q (t)ej1 . . . ejs , P
1,...,1
p,q = 1.

For relatively small values of p and q, this σp,q(t) may be explicitly found:

σ1,1(t) = e1;

σ2,1(t) = e2
1 + te2;

σ3,1(t) = e3
1 + 4te1e2 + (4t2 − 2t)e3;

e2,2(t) = e4
1 + 2ue2

1e2 + (u2 − 4)e2
2 + (6− 2u)e1e3 + (3u− 6)e4

where u = t+ t−1;

e4,1(t) = e4
1 + 10te2

1e2 + (24t2 − 10t)e1e3 + 9t2e2
2 + (36t3 − 24t+ 6t)e4.

However, no general formula of this kind for σp,q(t) exists. I am aware of several attempts
of writing such a formula. First, I will mention a work of a group of physicists [17],
who found a recursive procedure for finding a formula; but I doubt that it may give even
the results listed above. Second, A. Kent [16] extended to the Virasoro case the formula
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of Feigin-Fuchs-Malikov discussed above (see Sections 3.4). One should also mention a
beautiful work of Benoit and Sent-Aubin [15], a formula for σ1,q(t).

4.6.2. The calculation mod e3. Here I present a partial result obtained in mid-
80’s by Feigin and me [12]. Let π:U(n−)→ C[e1, e2] be the projection of U(n−) onto the
quotient over the ideal generated by e3. There is a very explicit formula for πσp,q(t); it
looks especially attractive when q = 1:

πσ2r,1(t) = (e2
1 + te2)(e2

1 + 9te2)(e2
1 + 25te2) . . . (e2

1 + (2r − 1)2te2),

πσ2r+1,1(t) = e1(e2
1 + 4te2)(e2

1 + 16te2)(e2
1 + 36te2) . . . (e2

1 + (2r)2te2).

(compare with the example above). The general formula is this:

[πσp,q(t)]
2 =

∏
−p<r<p,−q<s<q

r 6≡p mod 2, s 6≡q mod 2

(
e2

1 + (rθ + sθ−1)2e2

)
(14)

where θ =
√
t. Notice that every factor in this product appears twice, with a possible

exception of e2
1 which corresponds to r = s = 0, so extracting the square root of this

product cause no difficulties. For example,

πσ3,2(t) = (e2
1 + (4t+ 4 + t−1)e2)(e2

1 + t−1e2)(e2
1 + (4t− 4 + t−1)e2),

πσ3,3(t) = e1(e2
1 + 4te2)(e2

1 + 4t−1e2)(e2
1 + 4(t+ 2 + t−1)e2)(e2

1 + 4(t− 2 + t−1)e2).

The idea of the proof will be explained in Section 4.6.4.

4.6.3. The action in Fλµ. The article [12] contains another partial formula for
the singular vectors. It describes the action of σp,q in the module Fλµ. Namely, let
σp,q(t)f = Pp,qfpq. Then

Pp+1,q+1(λ, µ, t)2 =

p∏
i=0

q∏
j=0

{
(µ− 2λ)2 − [(p− 2i)θ−1 + (q − 2j)θ]2λ

+ [(2i(p− i) + p)t−1 + p(1− 2j) + q(1− 2i)− 4ij + (2j(q − j) + q)t](µ− 2λ)

+ ((iθ−1 + jθ)((i+ 1)θ−1 + (j + 1)θ)×
× ((p− i)θ−1 + (q − j)θ)(p− i+ 1)θ−1 + (q − j + 1)θ)

}
(15)

This formula may look less attractive than (14), but it is of the same nature: the polynomial
Pp,q(λ, µ, t) is expressed as of a product of polynomial of degree 2. Again the idea of the
proof is presented in a section below.

4.6.4. The proof of formulas in Sections 4.6.2 and 4.6.3. For some values
of t, the singular vector in M(h(t), c(t))pq is contained in intermediate Verma modules
M(h(t) + p′q′, c(t); this corresponds to intersections of the curve Φp,q with curves Φp′,q′
with p′q′ < pq. For these t, σp,q(t) ∈ U(n−) becomes the product of several factors σp′,q′(t),
and we can assume by induction that corresponding πσp′,q′(t) and Pp′.q′(t) are known. This
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gives a certain amount of values for πσp,q and Pp,q, and it is obvious that this amount is
sufficient to fully determine these polynomials. Thus, all we need to do to prove formulas
(14) and (15) is to check that they do not contradict to these product rules which is easy
to do (especially for intersections Φp,q ∩ Φp′,q′ with p′ ≤ p, q′ ≤ q, p′q′ < pq).

4.6.5. The upper and lower degrees of σp,q(t). The following statement was
proved by A. Astashkevich and me [18]. I omit here some details of computations, they
all can be found in the article cited.

Proposition 4.15.

σp,q(t) = (q − 1)!2pepqt
−(q−1)p + . . .+ (p− 1)!2qeqpt

(p−1)q,

where “. . .” denotes the terms of intermediate degrees in t. Thus, the upper and lower
degrees of σp,q(t) in t are q(p− 1) and −p(q − 1)

Proof. It follows from the formula (15) that in Fλ,µ,

σp,q(t)f0 =

[
(p− 1)!2qt(p−1)q

q−1∏
v=0

(µ− (p+ 1)λ+ pv) + . . .

+(q − 1)!

p−1∏
u=0

(µ− (q − 1)λ+ qu)2pt−(q−1)p

]
fpq,

or, in other words,

σp,q(t)f0 =
[
(p− 1)!2qt(p−1)qeqp + . . .+ (q − 1)!2pt−(q−1)pepq

]
fpq.

Let us denote upper and lower degrees of a polynomial P in t, t−1 as d+(P ) and d−(P ).
The last formula shows that

max
j1+...+js=pq

d+

(
P j1,...,jsp,q

)
≥ (q − 1)p,

min
j1+...+js=pq

d−
(
P j1,...,jsp,q

)
≤ −(p− 1)q.

For a positive integer j, put

ϕ(j) = j − 1−
⌊
j − 1

p

⌋
.

Main Lemma. d+

(
P j1,...,jsp,q

)
≤
∑
r≤s

ϕ(jr).

This lemma is proved by induction by the lexicographical ordering (j′1, . . . , j
′
s′) ≺

(j1, . . . , js). We assume that ju > ju+1 = 1 and deduce the desired inequality from

e−`v = 0 for ` =

{
ju − 1, if ju 6≡ 1 mod p,
p, if ju ≡ 1 mod p,

using the induction hypothesis and some

obvious properties of the function ϕ.

60



Main Lemma immediately implies the statement concerning the upper and lower de-
grees of σp,q(t). The computation of the coefficients (p − 1)!2q and (q − 1)!2p is straight-
forward (and, actually, we will never need it).

4.7. Casimir operators in modules over the Virasoro algebra.

This section contains a short presentation of a note [19] of Feigin and me, where
we tried to describe“Casimir operators” in the case of Virasoro algebra. Our goal was
to pave a way to description of the structure of reducible Verma modules M(h, c). We
managed to describe these structure later (I will present our results about them in Section
4.8 below, but we did not use any seriously the Casimir operators. Our Casimir operator
work remained unfinished and mostly forgotten. Still it had at least one reader, and this
reader was Victor Kac. He used not our results, but our approach to get a more or less
full description of all Casimir operators (not just one as in the Kac-Kazhdan article) over
Kac-Moody algebras [20]. I want to refresh my memories about this work to demonstrate,
how much the Virasoro algebra is different from the Kac-Moody algebras.

4.7.1. Central series. Consider a series∑
|I|=|J|

eiq . . . ei1λ
I
J(e0, z)e−j1 . . . e−jr (16)

where I = {i1, . . . , iq}, J = {j1, . . . , jr}, i1 ≤ . . . ≤ iq, j1 ≤ . . . ≤ jr|I| = i1 + . . .+ iq, |J | =
j1 + . . .+ jr, and λIJ are entire function of two complex variables.

This series is not element of the universal enveloping algebra U(Vir), but it has the
ability to act in (e0, z)-diagonalizable (that is spanned by common eigenvectors of e0

and z) virtually n+-nilpotent Vir-modules. Such modules are usually (and justly) called
Bernstein-Gelfand-Gelfand modules.

Remark. If v is a singular vector of the type (h, c), then the operator (16) takes it
into λ∅∅(h, c)v.

The series (16) is called central, if its action commutes with the action of all ei and z.

Theorem 4.16. (1) If the series (16) is central, then all the functions λIJ can be
reconstructed from λ∅∅

(2) A function λ(h, c) can be λ∅∅ for some central series if and only if it satisfies the
following condition:

(∗) If (h, c) ∈ Φpq for some p, q ∈ Z≥0, then Fλ(h+ pq, c) = λ(h, c).

Remark. For example, any function λ(h, c) periodic in h with period 1 satisfies the
condition (∗). But this example is not interesting for us: we are studying central series
because if the Verma module M(h, c) contains a singular vector of the type (h′, c), then
λ(h′, c) = λ(h, c); but it is certainly true that h′ is h+ a positive integer.

Proof of Theorem 4.16. Let us try to construct, for a given function λ(h, c) a central
series with λ∅∅(e0, z) = λ(e0, z). We already know that the action of the series (16) on the
whole module M(h, c) is the multiplication by λ(h, c).

Suppose that we already know the functions λIJ with |I| = |J | < s. Present the series
(16) as the sum of three sums, ∑

|I|=|J|<s

+
∑

|I|=|J|=s

+
∑

|I|=|J|>s

,
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and consider the action of these three sums on the space M(h, c)s with the basis eIv, |I| =
s. The action of the first sum is known to us; let A = ‖AIJ(h, c)‖ be its matrix. The action
of the third sum is zero. The second sum takes eIv ∈M(h, c)s into∑

|K|=|J|=s

eJ(λJK(h, c)e−KeI)v =
∑
J

Λs(h, c)Sh(h, c; s))IJ)eJv),

where Λs(h, c) is the matrix ‖λIJ(h, c)‖ and Sh(h, c; s) is the matrix of the Shapovalov form
Fh,c;s. We obtain the equation for Λs(h, c):

(A(h, c) + Λs(h, c))Sh(h, c; s) = λ(h, c)E (E is the identity matrix). (16)

Thus, if the Shapovalov form is non-degenerate (that is if (h, c) /∈ Φpq with pq ≤ s), then

Λs(h, c) = (λ(h, c)E −A(h, c))Sh(h, c; s)−1.

This completes the proof of part (1): the functions λIJ , if they exist, are determined
by λ∅∅ in the complement to the curves Φpq, and hence in the whole plane C2(h, c). It
remains to prove that Condition (∗) is sufficient (its necessity is obvious) for removing
singularities on these curves. Suppose that (h, c) belongs to only one curve Φpq with
pq ≤ s. Then M(h, c) has a unique proper submodule L ∼= M(h + pq, c) with a non-zero
intersection L ∩M(h, c)s. The operator (16) on this intersection with the multiplication
by λ(h + pq, c), and if λ(h + pq, c) = λ(h, c), then the operator λ(h, c)E − A(h, c) is zero
on L ∩ M(h, c)s = Ker(Fh,g;s), and the equation (17) is solvable on this intersection.
This shows that the function Λs(h, c) can have singularities only in the isolated points of
intersections of curves Φp,q, and hence it has no singularities at all. This completes the
proof of Theorem 3.15.

4.7.2. The relations between (h,c) and (p,q). These relations are two-sided,
and, accordingly, this section will consists of two (closely related) parts. The first part will
be needed in Section 4.8, while the second part will be needed in Sections 4.7.3 and 4.7.4.

First. let us locate, for given h, c, let us first locate all pairs p, q ∈ C such that (h, c) ∈
Φpq. (It is important to notice that now we consider curves Φpq with p, q being not positive
integers, rather arbitrary complex numbers. The result is: excluding the exceptional
cases c = 1, 25, the set of these p, q is a union of four lines invariant with respect to the
transformations (p, q) 7→ (−p,−q), (q, p)) (no wonder: Φpq = Φqp = Φ−p,−q = Φ−p,−q);
in other words, the four lines form a rhombus invariant with respect to the “diagonals”
p = ±q. Calculations:

• for a given c, the equation (with respect to t) of the equation c = 6t+ 13 + 6t−1 has

two solutions (with the product 1), t =
c− 13±

√
(c− 1)(c− 25)

12
. Put θ =

√
t; obviously,

θ has 4 values: if θ is one of them, then the other 3 are −θ, θ−1,−θ−1;

• the formula for h gives

h =
1

4
[(t+ t−1)− (pθ + qθ−1)2] =

c− 1

24
− (pθ + qθ−1)2

4
,

p+ t−1q = ±
√
c− 1− 24h

6t
.

(18)
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The latter is an equation of a line, actually, of four lines (generically, they all are different,
but they may become a pair of parallel or crossing lines, or even one line), since there are
two possible values for t (that is, t may be replaced by t−1) and two values of the square
root. The slopes of these lines are −t and −t−1. These lines are real, if c is real and either
≤ 1, or ≥ 25. In the first case the slope is positive, in the second case it is negative. In
the boundary cases c = 1 and c = 25 the four lines become a pair of parallel lines. See the
picture below.
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.

.

Let us now consider the relation between (h, c) and (p, q) in the “opposite” direction.
Let ` be a line in the plane C2(p, q), not parallel to the p- and q-axes; let αp+ βq = γ be
its equation (so, α 6= 0 and β 6= 0). Then, as we have just seen, all the curves Φpq with
(p, q) ∈ ` have a common point (h, c), and we can find these h and c, since we know, from
(17), the equation(s) of the line(s), which contain (h, c), and these equations have the form

p+ t−1q =

√
c− 1− 24h

6t
. From this,

t =
α

β
, so c = 6t+ 13 + 6t−1 = 6

α

β
+ 13 + 6

β

α
=

6α2 + 13αβ + 6β2

αβ
=

(3α+ 2β)(2α+ 3β)

αβ

and

c− 1− 24h =
γ2

α2
· 6t =

6γ2

αβ
, so h =

c− 1− 6γ2

24αβ
=

6(α+ β)2 − 6γ2

24αβ
=

(α+ β)2 − γ2

4αβ
.

With these formulas in mind, let us return to central series.

4.7.3. The case of multivalued functions λIJ. The construction and results of
the previous section can be applied to the case, when functions λIJ are multivalued, more
precisely, are defined on the same finite branched cover of the plane C2(h, c).

For this branched cover, we take the manifold L of lines in the plane C2(p, q) not
parallel to the axes. The “projection” π:L → C2(h, c) takes the line ` = {αp + βq = γ}

into the point (h, c) =

(
(α2 + β2)− γ2

4αβ
,

(3α+ 2β)(2α+ 3β)

αβ

)
, which is a 4-fold covering

branched over the lines c = 1 and c = 25. (Indeed, a generic (h, c) has 4 inverse images,
αp±βq = ±γ; if c = 1 or 25, then α = β or, accordingly, α = −β, and the 4 lines become 2
lines.) Let us assume now that the functions λJI are functions on L, which we can consider
as multivalued functions of h and c. For a line ` ∈ L and a point A ∈ C2(p, q), we denote
as A` the line, which passes through A and is parallel to `. The following statement is
proved by a direct computation.
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Lemma. A function λ (considered as a function os h and c) satisfies the condition (∗)
from Theorem 3.15 if and only if it satisfies the following condition

(∗∗) if the line ` passes through a point (p, q) with integral coordinates, then

λ(`) = λ((p,−q)`).

Assymetry of this statement with respect to p and q is illusory.

It is not hard to construct a function λ, which satisfies this condition: we can take
any function invariant with respect to the transformation of τ :L → L induced by the
transformation (p, q) 7→ (p, q + 2) of C2(p, q). For example, we can take the function
λ({p+ βq = γ}) = exp(πiγ). As a function of h and c, this function is determined by the
formula

λ(h, c) = expπi

√
13− c+

√
(c− 1)(c− 25)

12
· 24h+ 1− c

6
. (19)

The transformation τ plays for the Virasoro algebra the role of a Weyl group trans-
formation. Probably, a reasonable analogy of the Weyl group for the Virasoro algebra is
the group of transformations of L in “horizontal” lines q = k with integral k. The previous
construction involves only the transformations, which preserve c; the other transformations
acs on c as c 7→ 26− c.

4.7.4. Application: the composition factors of indecomposable Bernstein-
Gelfand-Gelfand modules. Irreducible sub-quotient-modules of a Bernstein-Gelfand-
Gelfand module M are called composition factors of this module. They all have the form
M(h, c)/L(h, c), where L(h, c) is the maximal submodule of the Verma module M(h, c);
(h, c) is the weight of this composition factor. The invariance property of Casimir operators
shows that the function λ of the formula (19) takes equal values on the weights of all
composition factors of an indecomposable Bernstein-Gelfand-Gelfand module.

Consider, for example, the case c = 0. The previous argument show that if one of the
weights of an indecomposable Bernstein-Gelfand-Gelfand module has the form (h, 0), then
all of these weights are (hi, 0) and the functions

exp 2πi

√
24 + 1

2
and exp 2πi

√
24 + 1

3
(20)

take equal values for all h = hi. This statement shows that if one of the composition

factors has the weight (0, 0), then all the other have weights

(
3m2 ±m

2
, 0

)
, and if one of

the weights is

(
1

8
, 0

)
, then all the rest have the form

(
(2m− 2)(6m− 1)

2
, 0

)
. And it is

true that the singular vectors in the Verma modules M(0, 0) and M

(
1

8
, 0

)
have precisely

these weights (see the next section). However it does not seem likely that the Casimir
operators provide a complete answer to the question whether two particular weights may
be weights of the composition factors of an indecomposable Bernstein-Gelfand-Gelfand
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module (precisely as in the Kac-Moody case, see Section 3.3.3). For example, the values

of functions (19) are the same for h =
175

32
and

207

32
, but it does not seem plausible

that

(
175

32
, 0

)
and

(
207

32
, 0

)
are weights of composition factors of the same irreducible

Bernstein-Gelfand-Gelfand module.

4.8. Structure of reducible Verma modules and modules of semi-
infinite forms.

In this Section, I have to restrict myself to a sketchy presentation. Most of the results
were proven by Feigin and myself in [13], and then Astashkevich [14] found a shorter proof
(which covers also the case of Neveau-Schwarz superalgebra.).

4.8.1. Preliminary computations and examples. Consider a pair (h, c). Ac-
cording to Section 7.3, pairs (p, q), for which Φpq 3 (h, c) form 4 lines in the plane C2(p, q).
Take any of these four lines, and denote it as `h,c. Roughly, there are three possibilities.
First: `h,c contains no integral points, or just one integral point, but the product of its
coordinates is not positive. In this case the module M(h, c) is irreducible. Second: `h,c
contains only one integral point, (p, q), with pq > 0. Then M(h, c) contains only one proper
submodule, this submodule is generated by a singular vector of degree pq, is isomorphic
to M(h + pq, c), and is irreducible. (By the way, the fact that the module M(h + pq, c)
is irreducible requires a separate proof. The proof is based on the following obvious fact
which will be also useful in the future:

if (h, c) ∈ Φp,q, then (h+ pq, c) ∈ Φ−p,q; (21)

this implies that the line `h+pq,c contains an integral point with a negative product of
coordinates, and it cannot contain any other integral points, since it is parallel to `h,c.)
Third case: `h,c contains infinitely many integral points; this case deserves a separate
consideration.

To contain infinitely many integral points, a line must have rational slope. Thus, let

slope be t = −r
s

, an irreducible fraction. Then the line has the equation rp + sq = m.

According ton the computations in the end of Section 4.7.2,

h =
(r + s)2 −m2

4rs
, c =

(3r + 2s)(2r + 3s)

rs
=

(
3 +

2s

r

)(
3 +

2r

s

)
.

Now, let us consider examples.

4.8.1.1. First example: h = 0, c = 0. Seemingly the simplest, this one, ac-
tually, is one of the most complicated. For c = 0, we can take in the formulas above

r = 3, s = −2. Then h =
m2 − 1

24
*, and the line `h,c has the equation 3p − 2q =

m; for h = 0, we should take m = 1. The line 3p − 2q = 1 has integral points
. . . , (−5,−8), (−3,−5), (−1,−2), (1, 1), (3, 4), (5, 7), . . . with the products of coordinates

* By the way, this explains the observation made in Section 4.3.2 (see Remark there)
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1, 2; 12, 15; 35, 40; . . .. Thus the module M(0, 0) has singular vectors of each of these
degrees; does it have more? The singular vector of degree 1 generates a submodule of
M(0, 0) isomorphic to M(1, 0). The line `1,0 has the equation 3α − 2β = 5; the inte-
gral points are . . . (−3,−7), (−1,−4), (1,−1), (3, 2), (5, 5), . . ., the products of coordinates
are . . . , 21, 4,−1, 6, 25, . . .. The negative product −1 is not a degree of a singular vec-
tor; its meaning is that M(1, 0) is generated by a singular vector of degree 1 in an-
other Verma module (which we already know: it is M(0, 0))*. But singular vectors of
degrees 4, 6; 21, 25; . . . have degrees 5, 7; 22, 26; . . . in M(0, 0) which are not among the
degrees listed above. Go further: `2,0 has the equation 3α − 2β = 7, the products of
coordinates of the integral points on this line are −2; 3, 5; 20, 24; . . ., which show that
M(2, 0) is generated by a singular vector of degree 2 in another Verma module (it really
is!) and has singular vectors which in M(0, 0) have degrees 5, 7; 22, 26; . . . – the same
as before. Next: the line `5,0 has the equation 3α − 2β = 11, the integral points are
. . . , (−3,−10), (−1,−7), (1,−4), (3,−1), (5, 2), (7, 5), . . . with the product of coordinates
−4,−3; 7, 10; 30, 35; . . ., that is, M(5, 0) brings to M(0, 0) singular vectors of degrees
12, 15; 35, 40; . . ., but we already had these degree. Thus M(0, 0) has singular vectors
of degrees 1, 2, 5, 7, 12, 15, 22, 26, 35, 40, . . .; “half” of them (boldface in the sequence
above) come to M(0, 0) along the hyperbolas Φp,q. But some of them do not appear as a
result of a deformation. I mean that, for instance, M(0, 0) has a singular vector of degree
5, but no other module M(h, c) with (h, c) in some neighborhood of (0, 0) has a singular
vector of this degree.

The reader may recognize in numbers 1, 2; 5, 7; 12, 15; ; 22, 26; 35, 40 the Euler’s “pen-

tagonal numbers”,
3n2 ± n

2
. Let us provide the explanation of this in general form. Let

(h, c) =

(
3n2 + n

2
, 0

)
. The corresponding line in the plane C(p, q) is 3p − 2q = 6n + 1.

This line contains an integral point (2n+1, 1) and all the point, which are obtained from it
by adding a multiple of the vector (3, 2). The corresponding integral points with positive
product of coordinates are (2n+ 1 + 2k, 1 + 3k) and (−1− 2k,−2− 3n− 3k), where k is a

non-negative integer. The degrees of singular vectors in the module M

(
3n2 + n

2
, 0

)
are

product of their coordinates; the types of these singular vectors are(
3n2 + n

2
+ (2n+ 1 + 2k)(1 + 3k), 0

)
=

(
3(n+ 2k + 1)2 − (n+ 2k + 1)

2
, 0

)
,(

3n2 + n

2
+ (1 + 2k)(2 + 3n+ 3k), 0

)
=

(
3(n+ 2k + 1)2 + (n+ 2k + 1)

2
, 0

)
.

A similar computation shows that the module M

(
3n2n

2
, 0

)
contain singular vectors of

* I have in mind the following fact. If (p,−q) ∈ `h,c for some positive integers p, q, then,
according to (21), (h− pq, c) ∈ Φpq. So M(h− pq, c) contains a singular vector of the type
(h− pq + pq, c) = (h, c), and hence M(h, c) ⊂M(h− pq, c).
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the same type. The scheme of relations between the modules M

(
3n2 ± n

2
, 0

)
and degrees

of their singular vectors is shown below.

M(0, 0)

M(1, 0)

M(2, 0)

M(5, 0)

M(7, 0)

M(12, 0)

M(15, 0)

0 1 2 5 7 12 15 22 26 35 40 51 57

↑ ↑ ↑ ↑ ↑ ↑ ↑• •
•
•

•
•
•
•

•
•

•

•

•
•
•

•

•
•

•

•
•

•
•

•
•

•
•

•

•
•

•

•
•

•
•

•
•

•
•

•
•

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Below, we show a scheme of the singular vectors of the module M(0, 0) with their
inter-relations and degrees.

M(0, 0) •

•

•

•

•

•

•

0

1

2
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2
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2
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4.8.1.2. Second example: h = 0, c = 1. The line `0,1 has an equation α − β =
0, the integral points are . . . , (−2,−2), (−1,−1), (0, 0), (1, 1), (2, 2), . . ., the products of
coordinates are the squares: 1, 4, 9, 16, 25, . . .. These are the degrees of singular vectors.

The submodules M(k2, 1) of M(0, 0) do not add any new singular vectors. indeed,
an easy computation shows that the line `k2,1 has the equation p − q = 2k. Thus, the
module M(k2, 1) has singular vectors of degrees p(p + 2k). The degrees of these vectors
in the module M(0, 1) are k2 + p(p+ 2k) = (p+ k)2, and singular vectors of these degrees
have been already constructed before. Thus, the structure of the module M(0, 1) looks as
shown below:

••
•
•
•
•

•
•
•
•

•
•
•
•
•

•
•
•
•
•

•
•
•
•
•

•
•
•
•
•

M(0, 1)

M(1, 1)

M(4, 1)

M(9, 1)

M(16, 1)

0 1 4 9 16 25 36 49

. . . . . . . . . . . . . . . . . . . . . .
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4.8.2. Structure of reducible Verma modules: theorems and comments.
The main results of this Section (Theorems 4.18 – 4.21) provide a full classification and
a description of interdependence of singular vectors in all reducible Verma modules over
the Virasoro algebra. All these results can be proved by computations similar to those
in the examples in Section 4.8.1, and I do not return to them here. The reader can find
the details in the article [13] of Feigin and me. A clarification of our proofs and a partial
“superization” of them are contained in the article [14] of A. Astashkevich.

Theorem 4.17. All submodules of Verma modules over the Virasoro algebra are
generated by singualr vectors.

(To show that this theorem is non-trivial we mention the fact that Verma modules
over affine algebras (of sufficiently big range) are not always generated by singular vectors.
For semi-infinite forms this will be explained in Section 4.8.4. A more radical example:
modules M(h, c) contragredient to the Verma modules over the Virasoro algebra never
contain singular vectors of positive degrees – see Section 4.3.4.)

A sketch of proof of Theorem 4.17 will be given in Section 4.8.3. (A more detailed
versioin is contained in [13].)

4.8.2.1. Introduction. Let h, c ∈ C, and let `h,c ⊂ C2(p, q) be the line defined in
Section 4.8.1. The following result has been already discussed above, but we repeat it here
for the completeness sake.

Theorem 4.18. (1) If the line `h,c contains no integral points with positive product
of coordinates, then the module M(h, c) is trreducible. (2) If the line `h,c contains precisely
one integral point with the positive product of coordinates, and this product is m, then
M(h, c) has precisely one proper submodule, this submodule is isomorphic to M(h+m, c)
and is irreducible.

The remaining case is when `h,c contains infinitely many integral points. As we already
know, in this case

h =
m2 − (r + s)2

4rs
, c =

(3r + 2s)(2r + 3s)

rs
(r, s ∈ Z6=0, m ∈ Z);

the line `h,c has the equation rp + sq = m. We need to distinguish 6 cases. First, either
c ≤ 1 (equivalently, the line `h,c has a positive slope), or c ≥ 25 (`h,c has a negative
slope. Second, the line `h,c may intersect in integral points no coordinate axes (we refer to
this case as to Case 1), one axis (Case 2), or both of them (Case 3). We describe the
structure of the module M(h, c) below in each of these cases.

4.8.2.2. c ≤ 1, Case 1. Theorem 4.19. Let (p1, q1), (p2, q2), (p3, q3), . . . are integral
points of the line `h,c with positive products of coordinates ordered in such a way that
p1q1 < p2q2 < p3q3 < . . .. (If piqi = pjqj for some i 6= j, then `h,c intersects both axes
in integral points). Let then `′h,c be the line parallel to `h,c and passing through the point
(p1,−q1), and (p′1, q

′
1), (p′2, q

′
2), (p′3, q

′
3), . . . are integral points of the line `′h,c with positive

products of coordinates ordered in a similar way. Then the module M(h, c) has one (up
to a non-zero factor) singular vector of each of the degrees pkqk, p1q1 + p′kq

′
k and no other

singular vectors; the interdependence of the singular vectors is shown on the diagram below
on the previous page.
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c ≤ 1, Case 1.
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Thus, the module M(h, c) contains singular vectors of degrees pkqk, k = 1, 2, . . . and
of degrees p1q1 + p′kq

′
k, k = 1, 2, . . .. Similarly to the situation described in Section 4.8.1.1,

singular vectors of degrees Pkqk “arrive” at M(h, c) along the curves Φpk,qk , while Verma
modules M(h′, c′) with (h′, c′) close, but not equal to (h, c) do not contain singular vectors
of degrees p1q1 + p′kq

′
k.

4.8.2.3. c ≤ 1, Case 2 and 3. Theorem 4.20. Let `h,c intersect one axis in
an integral point, and let (p1, q1), (p2, q2), (p3, q3), . . . be integral points of the line `h,c with
positive products of coordinates ordered as above. Then the module M(h, c) has one singular
vector of each of the degrees pkqk, and no other singular vectors.

If `h,c intersect both axes in integral points, then all the same, but we consider only
integral points with both coordinates positive.

The interdependence of singular vectors is shown on the diagrams below.
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c ≤ 1, Cases 2, 3
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4.8.2.4. c ≥ 25, Cases 1-3. Theorem 4.21. See the diagrams below.

In Case 1, the total amount of singular vectors is odd, but it may be 1 or 4 modulo
4, whence two options for the lower end.

In Case 3, we apply the notation (pi, qi) only to the point below the midpoint of the
interval between the two intersections with the axes (including the midpoint itself, if it has
integral coordinates).
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c ≥ 25, Case 1
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c ≥ 25, Cases 2,3

4.8.2.5. Final remarks. Notice that the cases c ≤ 1 and c ≥ 25 are symmetric to
each other: there is a 1–1 correspondence between embeddings

M(h, c)→M(h′, c) and M(1− h′, 26− c)→M(1− h, 26− c)
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In all cases, the module M(h, c) is contained in other Verma module(s) if and only if
the line `h,c contains integral point(s) with negative product(s) of coordinates. In Cases 1
and 2, these “bigger” Verma modules correspond to these points, in Case 3 they correspond
to pairs of these points with equal products of coordinates. Therefore, in the case c ≤ 1
the module M(h, c) can be contained in finitely many different Verma modules, while in
the case c ≥ 25 this set of “bigger” Verma modules is either empty, or infinite. These
embracing Verma modules are related by diagrams similar to those in Sections 4.8.2.2 –
4.8.2.4.

4.8.3. Submodules of Verma modules. This Section contains a proof of Theorem
4.17: all submodules of Verma modules over the Virasoro algebra are generated by singular
vectors. We will assume in this proof that the Statements of Theorems 4.18 – 4.20 are true
(see comments in Section 4.8.2).

4.8.3.1. The Shapovalov form of a quotient of a Verma module. Consider
the curve Φp,q = {h = h(t) = hp,q(t), c = c(t)} ⊂ C2(h, c). For every t, the module
M(h(t), c(t)) contains a singular vector ηp,q(t) = σp,q(t)v ∈ M(h(t), c(t))pq (we use the
notations of Section 4.6). This σp,q(t) is a polynomial in t, t−1 with values in U(n−), which
has no zeroes and its upper and lower degree are, correspondingly, (p − 1)q and q(p − 1)
(see Proposition 4.15 in Section 4.6.5).

Let M(t) ∼= M(h(t) + pq, c(t)) be the submodule of M(h(t), c(t)) generated by ηp,q(t),
and let L(t) = M(h(t), c(t))/M(t). The Shapovalov form

F (h(t), c(t)):M(h(t), c(t))→M(h(t), c(t))∗

is homogeneous of degree zero and is zero onM(t) and takes values in L(t)∗ ⊂M(h(t), c(t))∗.
Thus, it induces a non-degenerate symmetric bilinear form

Sp,qk (t) = Sk(t):L(t)k → (L(t)k)∗.

The determinant of this form is defined up to a non-zero factor, but we can speak of its
zeroes and their multiplicities. Let dk be the sum of these multiplicities for all t ∈ C. In
Sections 4.8.3.2 snd 4.8.3.3 below, we provide two computations of dk. The first computa-
tion is based on the degrees of polynomials σp,q(t) (see above). The second computation is
done under the assumption that all submodules of the Verma modules M(h, c) are gener-
ated by singular vectors (Theorem 4.17). The results of these two computations will agree,
and we will use it to complete the proofs of Theorems 4.18–4.21.

4.8.3.2. The first computation of dk. We augment the curve Φp,q by t = 0 and

∞. We obtain a rational curve Φ̂p,q ⊂ CP 2. The spaces M(h(t), c(t))k form a trivial p(k)-

dimensional bundle M(h(t), c(t))k over Φ̂p,q (we denote as p the “partition function”:
p(k) is the number of partitions of k). The subspaces M(h(t) + pq, c(t))k−pq = M(t)k
of M(h(t), c(t))k form a p(k − pq)-dimensional subbundle M(t)k of M(h(t), c(t))k. The
fibers of the quotient M(h(t), c(t))k/M(t)k are spaces L(t)k, and we denote this quotient
as L(t)k.

Further, we denote the line bundle M(t)pq as ηp,q. This line bundle has a section
ηp,q(t) without zeroes and with two poles of degrees (p − 1)q and (q − 1)p (at t = 0 and
∞). Hence,

Eu ηp,q = −(p− 1)q − (q − 1)p = p+ q − pq.
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It is also obvious that M(t)k ∼= p(k − pq)ηp,q.
The determinant detSp,qk form a section of the line bundle

ωkp,q = (S2ΛdimLkLk)∗,

isomorphic to
⊗2p(k−pq)

ηp,q (since L(t)k is isomorphic to [trivial bundle− p(k − pq)ηp,q]).
Hence, Eu(ωkp,q) = 2p(k − pq) Eu ηp,q. Let Pk(0) and Pk(∞) be the multiplicities of poles
of the section detSp,qk at t = 0 and ∞. Then for the total multiplicity dk of zeroes of
detSp,qk we have the formula

dk = Pk(0) + P∞(0) + 2p(k − pq) Eu ηp,q.

It remains to calculate Pk(0) and Pk(∞). It is not hard.
Near∞, the determinant of the form Sp,q may be calculated as the determinant of the

principal minor of the corresponding Shapovalov matrix of the whole M(h(t), c(t), which
correspond to the part of the base {ej1 . . . ejsv}, in which eq is present less than p times

(recall that the fiber of ηp,q over ∞ is spanned by epqv). For t→∞, h ∼ (1− p2)t

4
, c ∼ 6t.

The degree of the minor considered is the sum of degrees of diagonal entries, and this sum
is easy to compute, since

e−ieiv =

[
2ih+

1

12
(i3 − i)c

]
v ∼ (i− p)(1− p2)

2
tv.

which has degree 1, if i 6= p, and degree 0, if i = p. Thus Pk(∞) is equal to the total
amount of elements not equal to p in all partitions of k, which contain q less than p times.
Pk(0) is described in the same way with p ↔ q. The results of the computations may be
described by the formulas

∑
Pk(∞)tk = p(t)(1− tpq)

(
s(t)− tp

1− tp

)
,
∑

Pk(0)tk = p(t)(1− tpq)
(
s(t)− tq

1− tq

)
,

where p(t) =

∞∑
k=0

p(k)tk, s(t) =

∞∑
u=1

∞∑
v=1

tuv.

4.8.3.3. The second computation of dk. Let wi ∈M(hp,q(ti), c(ti)), i = 1, . . . , N
be all singular vectors of positive degrees ≤ k. For each i we denote by bi the dimension of
the intersection of L(ti)k with the submodule of L(ti) generated by the projection of wi.
Then we put ri = 2, if the pair hp,q(ti), c(ti) belongs to the Case 3, and ri = 1 otherwise
and define

ck =
N∑
i=1

ribi.

Our aim is to calculate ck on the base of Theorems 4.18 – 4.20 and then to check that ck
coincides with dk.
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Denote by Wi the submodule of M(h(ti), c(ti)) generated by wi. According to Theo-
rems 4.18 – 4.20, there are two possibilities of mutual disposition of the modules Wi and
M(ti) (see Figure below).
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In both cases, we must take the dimensions of the submodules of M(h(ti), c(ti)) gener-
ated by singular vectors with the signs indicated (in the case (b) the singular vectors inside
M(ti) make no contribution, but it is convenient for us successively with the signs + and
−). We observe that all the singular vectors, which come to the module M(hp,q(t), c(t))
along the curves Φp′,q′ with p′q′ ≤ pq are taken with the sign +, and all the singular vectors
which come in the similar way in modules M(t) = M(hp,q(t) + pq, c(t) are taken with the
sign −. Furthermore, the coefficient ri is equal to 2 (which may happen only in the case
(b)) if and only if either the singular vector comes at once along two different curves Φ, ot
it comes along a curve tangent to the curve (hp,q(t), c(t)) or (hp,q(t)+pq, c(t)). In addition
to that, we must take with the sign − and some coefficient N(p, q) (not depending on k)
the dimension of M(ti)k. The final result is

ck =
∑

p′≥q′, p′q′≤k
{p′,q′}6={p,q}

αp′,q′p(k−p′q′)−
∑
p′′≥q′′

k′′l′′≤k−pq

βp′′,q′′p(k−pq−p′′q′′)−N(p, q)p(k−pq), (22)

where αp′q′ is the number of intersection points of the curves Φp′,q′ and Φp,q, and βp′′,q′′ is
the number of intersection points of the curves Φp′′,q′′ and (hp,q(t)+pq, c(t)) (the tangency
points are regarded as double intersection points). These numbers generically are equal to
4, but they can be 3, 2, or even 1, if one or both “curves” are straight lines, or if the sets
{p, q}, {p′, q′} (or {p′′, q′′)}) have non-empty intersection. The result of these computations
is: ∑

k

∑
p′,q′

αp′,q′p(k − p′q′)tk = p(t)

[
2s(t)− tp

1− tp
− tq

1− tq
− 2tpq

]
,

∑
k

∑
p′′,q′′

βp′′,q′′p(k − pq − p′′q′′)tk = p(t)

[
2s(t)− tp

1− tp
− tq

1− tq

]
tpq.
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Hence,∑
k

ckt
k = p(t)(1− tpq)

[
2s(t)− tp

1− tp
− tq

1− tq
− 2tpq

]
− (N(p, q) + 2)p(t)tpq.

It remains to prove:

Lemma.
N(p, q) = 2(2pq − p− q − 1).

Proof. N(p, q) is composed of
∑
ri, where the summation is taken over those i, for

which Wi ⊃M(ti) (case (b)), and the doubled number of pairs (p′, q′) 6= (p, q), (q, p) with
p′q′−pq (these pairs were not excluded from the first sum in formula (22), but the singular
vectors, which come along the corresponding curves Φp′,q′ are contained in M(ti)pq and
thus do not contribute in ck). That is, we must draw all the lines through the point (p, q)
not parallel to the axes, and then mark on them all integral points (p′, q′) 6= (±p,±q)
with 0 < p′q′ ≤ pq if the intersection point with the set {xy = 0, x ≥ 0, y ≥ 0 is integral,
and all such points but one otherwise. Then N(p, q) will be the full number of marked
points. We observe that (i) the lines symmetric in the line x = p bear the equal numbers
of marked points; (ii) the number of marked points on a line ` of positive slope is equal to
2a+ b− c, where a, b, c are the number of integral points in the intersections of ` with the
sets {0 < x < p, 0 < y < 1}, {xy = 0, x ≥ 0, y ≥ 0}, {(−p,−q), (−q,−p)} (so b and c are
equal to either 0 or 1). Hence

N(p, q) = 2[2(p− 1)(q − 1) + (p+ q − 1)− 2] = 2(2pq − p− q − 1).

We see that dk = ck. It follows from this that all submodules of M(h(t), c(t)) are
generated by singular vectors, since a submodule not generated by singular vectors, would
have increased some ck, and the above equation would have been impossible.

4.8.4. Final remark: unitary representations. In conclusion, we mention a
description of all values of h and c, for which the irreducible representation L(h, c) of the
Virasoro algebra possesses the structure of a unitary representation. This result belongs to
D. Friedan, Z. Qiu, S. Shenker, P. Goddard, A. Kent, and D. Olive; the relevant reference
is [21].

Proposition 4.22. The irreducible representation of Vir with the highest weight h, c
possesses a structure of a unitary representation if and only if

c = 1− 6

m(m+ 1)
, h =

((m+ 1)2k −m`2 − 1

4m(m+ 1)

for some k, `,m satisfying the conditions m ≥ 2, 1 ≤ ` ≤ k < m.

For the proof see the article cited above.

Examples: c = 0, h = − 1

24
; c =

1

2
, h = 0,

1

16
,

1

2
.

Notice that (h, c) given by the formula in Proposition 4.22 belongs to the curve Φm,m+1

and the Verma nodule M(h, c) has infinitely many singular vectors.
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4.8.5. Structure of modules of semi-infinite forms. The main goal of this section
(which contains no proofs, proofs can be found in [13]) is to demonstrate that the highly
reducible modules of semi-infinite forms are considerably different from the corresponding
Verma modules. We will use the following notation: L(h, c) is the irreducible quotient of
the Verma module M(h, c).

Let Ψpq a curve in the plane C2(λ, µ) given by the parametric equations

λ = λ(θ) =
θ − θ−1

√
2
− 1

2
, µ = µpq(θ) =

(p+ 1)θ − (q + 1)θ−1

√
2

.

A direct computation shows that

−1− λ(θ) = λ(θ−1), µpq(θ) = −µqp(θ−1), µpq(θ)− 2λ(θ)− 1 = µ−p,−q(θ
−1),

that is, the transformations (λ, µ) 7→ −(1 − λ, µ − 2λ − 1), (λ, µ) 7→ (−1 − λ,−µ) which
take the modules of semi-infinite forms into contragredient or isomorphic modules, map
the curve Ψpq onto Ψqp or Ψ−p,−q. Also

−2(6λ(θ)2 + 6λ(θ) + 1) = c(t),
1

2
µpq(θ)(µpq(θ)− 2λ(θ)− 1) = hpq(t)

where t = −θ2, so the image of the curve Ψpq with respect to the map C2(λ, µ) →

C2(h, c), (λ, µ) 7→
(

1

2
µ(µ− 2λ− 1),−2(6λ2 + 6λ+ 1)

)
is Φpq. Differently: the inverse

image of Φpq = Φqp consists of the curves Ψpq,Ψqp,Ψ−p,−q,Ψ−q,−p.

Let us fix λ, µ ∈ C and corresponding h =
1

2
µ(µ − 2λ − 1), c = −2(6λ2 + 6λ + 1).

The set {(α, β) | (λ, µ) ∈ Ψαβ} consists of two lines symmetric to each other with respect
to the diagonal α = β (two of the four similar lines for (h, c), see Section 4.8.2). Choose
one of these lines and denote it as `λµ. The structure of the module H(λ, µ) depends on
the set of integral points on this line.

If the line `λµ contains no integral points, or only one integral point with a non-
positive product of coordinates, then the module H(λ, µ) is irreducible and is isomorphic
to M(h, c). If the line `λµ contains only one integral point, (p, q), and p > 0, q > 0, then
H(λ, µ) is again isomorphic to M(h, c), the latter contains a proper irreducible submodule
isomorphic to M(h+pq, c) with the quotient L(h, c). In the similar case with p < 0, q < 0,
the module H(λ, µ) is isomorphic to the module M(h, c) contragredient to M(h, c). In
this case, the highest weight vector of H(λ, µ) generates a proper irreducible submodule
isomorphic to L(h, c), and the quotient, also irreducible, is isomorphic to M(h+ pq, c).

If the line `λµ contains infinitely many integral points and crosses the both axes in
integral points, then

H(λ, µ) ∼= L(h, c)⊕ L(h+ p1q1, c)⊕ L(h+ p2q2, c)⊕ . . .

where the notations come from the diagrams in Theorem 4.20 of Section 4.8.2 corresponding
to Case 3. The sum above is infinite, if the slope of `λ,µ is positive, and finite, if the slope
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is negative. If the line `λµ contains infinitely many integral points, has a positive slope
and crosses at most one of the axes in an integral point, then the possible structure of the
module H(λ, µ) is presented on the diagrams below.

•

•

•

•

•

•

•

•

•

•

•
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The black dots, white dots, and squares on these diagrams mean generators of modules;
two symbols are connected with an oriented sequence of arrows if and only if the second
one is contained in a submodule generated by the first one; the arrows directed upward
(downward) correspond to polynomials in ei with negative (positive) i. Black dots denote
singular vectors; white dots become singular vectors after factorizing over the submodule
generated by singular vectors, squares become singular vectors after second such operation.
The two left diagrams (straight) correspond to the case when the line `λµ intersect one of
the axes in an integral point; the first of them corresponds to the case p1 < 0, p2 < 0 (in
the notation of the diagram in Theorem 4.19 of Section 4.8.2), the second one corresponds
to the case p1 > 0, p2 > 0. The right diagram reflects the case when the line `λµ (of
positive slope) does not cross any axis in integral points. Notice that in all the three cases
the submodule generated by singular vectors is an infinite direct sum of modules which
are irreducible, with one possible exception of an extension of one irreducible module with

another one (corresponds to the picture
•
↓
•
). After the factorization over this submodule,

the singular vectors again generate a direct sum of irreducible modules, and the same after
the second factorization.

If the slope of `λµ is negative, the structure of the module is similar; the main difference
is that all the diagrams are finite.

5. The overview from the point of view

of Heisenberg algebra.

The main goal of this part is to show that the whole theory of representations of the
Virasoro algebra (and, actually, the affine algebras) may be understood as a projection
of (much simpler) theory of representations of the (infinite-dimensional) Heisenberg alge-
bra. As a by-product of this understanding, we will obtain a more “industrial” way of
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constructing singular vectors in the modules of semi-infinite forms, developed in Section
4.4.3. While the construction in Section 4.4.3 provides some sporadic examples (which was
sufficient for the purposes there), our new way will give explicit formulas for all singular
vectors in these modules.

5.1. The Heisenberg algebra and its canonical representation.
5.1.1. Definitions. Let H be a Lie algebra with the basis consisting of Fj , j ∈ Z6=0

and /I and the commutator relations

[Fi, Fj ] = jδ−i,j
/I, [Fj ,

/I] = 0.

There exists a “canonical” H-module D which is the space C[x1, x2, . . .] of polynomials of
infinitely many variables with the action of H described by the formulas

Fj = xj · for j > 0, F−j = j
∂

∂xj
for j > 0, /I = id .

With respect to the decomposition H = n− ⊕ h ⊕ n+, n− = span(Fj , j > 0), n+ =
span(Fj , j < 0), h = C/I, D may be described either as the Verma module M(λ) with
λ(/I) = 1 (and vλ = 1) or as a unique irreducible H-module with /I acting as id and a
virtually nilpotent action of n−.

5.1.2. The H-module D as a Vir-module. Put

ei =
∑
r>s
r+s=i
r 6=0, s 6=0

FrFs

(
+

1

2
F 2
i
2
, if i is even and 6= 0

)
, z = /I.

Although the sum in the definition of ei is infinite, it may be regarded as a valid operation
in D: for any p ∈ D, there exists a C ∈ Z such that Fjp = 0 for any j < C.

Proposition 5.1. The operators ei, z:D → D equip D with a Vir-module structure.

Proof. Let i+ j 6= 0.

[ei, ej ] =

 ∑
r+s=i

FrFs

(
+

1

2
F 2
i
2

)
,
∑
u+v=j

FuFv

(
+

1

2
F 2
j
2

)
(we abbreviate the notations). The term FwFi+j−w appears in the last commutator twice:

[FwFi−w, Fi+j−wFw−i] = (w − i)FwFi+j−w, [Fi+j−wFw−j , FwFj−w] = (j − w)FwFi+j−w;

the total is (j−i)FwFi+j−w (the formulas will look slightly differently, if w is
i

2
,
j

2
, or

i+ j

2
;

we leave the details to the reader). The case of i+ j = 0 is substantially different. Notice
that

[FaF−b, FbF−a] = bFaF−a − aFbF−b.
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Hence (we write the formula for odd j = 2k+ 1, for even j a small modification is needed)

[e−j , ej ] =

[
k∑
r=1

F−rFr−2k−1 +
∞∑
s=1

FsF−2k−s−1,
k∑
r=1

F2k+1−rFr +
∞∑
s=1

F2k+s+1F−s,

]

=
k∑
r=1

[F−rFr−2k−1, F2k+1−rFr] +
∞∑
s=1

[FsF−2k−s−1, F2k+s+1F−s]

=
k∑
r=1

((2k + 1− r)F−rFr + rF2k+1−rFr−2k−1)

+
∞∑
s=1

((2k + s+ 1)FsF−s − sF2k+s+1F−2k−s−1).

In the first of the two sums in the last expression, we replace F−rFr by FrF−r + r/I. We
get

[e−j , ej ] =

k∑
u=1

(2k + 1− u)FuF−u +

2k+1∑
u=k+1

(2k + 1− u)FuF−u +

∞∑
u=1

(2k + 1 + u)FuF−u

+

∞∑
u=2k+2

(2k + 1− u)FuF−u +

k∑
u=1

(2k + 1− u)u/I

=
∞∑
u=1

2(2k + 1)FuF−u +
(2k + 1)3 − (2k + 1)

12
/I = 2je0 +

j3 − j
12

/I,

as required. The case of j = 2k is similar.
As a Vir-module, we will denote D as K. If we put deg xj = j (so degFj = j), then

K becomes a graded Vir-module: K0 = span(1), K1 = span(x1), K2 = span(x2
1, x2), K3 =

span(x3
1, x1x2, x3), and so on; in particular, dimKn = P(n). This makes K analogous to

M(h, c) and H(λ, µ); but unlike K, each of these two depends on two complex parameters.
We want now to extend the definition of K to a two-parameter family.

Proposition 5.2. For any α, β ∈ C, the operators

ẽi =

{
ei + (αi+ β)Fi for i 6= 0,

e0 +
β2 − α2

2
/I for i = 0,

z = (1− 12α2)/I

satisfy the Virasoro commutator relations.

Lemma: [ei, Fj ] =

{
jFi+j , if i+ j 6= 0,
0, if i+ j = 0.

Proof of Lemma:

[ei, Fj ] =
∑
r+s=i

([Fr, Fj ]Fs + Fr[Fs, Fj ])(
+

1

2
([F i

2
, Fj ]F i

2
+ F i

2
[F i

2
, Fj ]), if i is even and 6= 0

)
.
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If i + j = 0, then everything in this sum is 0; if i + j 6= 0, then one term survives, and it
is jFi+j .

Proof of Proposition 5.2. If i 6= 0, j 6= 0, i+ j 6= 0, then [ẽi, ẽj ] =

[ei + (αi+ β)Fi, ej + (αj + β)Fj ] = [ei, ej ] + (αj + β)[ei, Fj ]− (αi+ β)[ej , Fi]

= (j − i)ei+j + [j(αj + β)− i(αi+ β)]Fi+j

= (j − i)ei+j + (j − i)(α(i+ j) + β)Fi+j = (j − i)ẽi+j .

If i = j 6= 0, then [ẽ0, ẽj ] =[
e0 +

β2 − α2

2
/I, ej + (αj + β)Fj

]
= [e0, ej ] + [e0, (αj + β)Fj ] = jej + j(αj + β)Fj = jẽj .

The case of [ẽi, ẽ0] is similar. And the last case: if j 6= 0, then [ẽ−j , ẽj ] =

[e−j + (−αj + β)F−j , ej + (αj + β)Fj ] = [e−j , ej ] + (−αj + β)(αj + β)[F−j , Fj ]

= 2je0 +
j3 − j

12
/I + j(β2 − j2α2)/I = 2j

(
e0 +

β2 − α2

2
/I
)

+
j3 − j

12
(1− 12α2)/I

= 2jẽ0 +
j3 − j

12
z.

This completes the proof.

Proposition 5.2 establishes a two parameter family K(α, β) of Vir-modules. From now
on, we will use the notation ei instead of ẽi; what used to be ei, corresponds to the case
of α = β = 0.

Our next goal is to compare it with the family H(λ, µ) of semi-infinite forms modules.

5.1.3. Bosonic-fermionic correspondence. We will use this term, borrowed from
physics, for the following result.

Theorem 5.3. There exists a (unique up to a non-zero constant factor) Vir-isomorphism

K(α, β) ∼= H(λ, µ) where λ = −α− 1

2
, µ = β − α.

Proof: the whole Section.

To begin, we will construct an action of the Heisenberg algebra in H = H(λ, µ) (it
will not depend on λ and µ). The construction is simple:

Fi (. . . ∧ fj3 ∧ fj2 ∧ fj1) =
∞∑
r=1

(
. . . ∧ fjr+1

∧ fjr+i ∧ fjr−1
∧ . . . ∧ fj1

)
.

We are going to prove that [Fi, Fj ] = 0, if i+j 6= 0 and [F−j , Fj ] = j ·id. Here and below, we
will use the following graphic presentation of semi-infinite monomials: for . . .∧fj3∧fj2∧fj1 ,
we will place, on a number line, black dots at . . . , j3, j2, j1 and white dots at all other
integers. For example, . . .∧ f−8 ∧ f−7 ∧ f−6 ∧ f−4 ∧ f−1 ∧ f0 ∧ f1 ∧ f4 will be presented as
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. . . . . .• • • ◦ • ◦ ◦ • • • ◦ ◦ • ◦ ◦ ◦
−8−7−6 −4 −1 0 1 4

The action of Fi is presented by the diagram
k• −→k + i◦ . Each of the compositions

FiFj and FjFi (i+ j 6= 0) may transform
k• k + i◦ `•

`+ j
◦ into

k◦ k + i• `◦
`+ j
• (the

order may be different) or
k•

k + i+ j
◦ into

k◦
k + i+ j
• . The equality FiFj = FjFi

is obvious in the first case and also in the second case, if the dots k+ i and k+ j are both
black or both white. If, say k + i is black and k + j is white, then FjFi cannot transform

k•
k + i+ j
◦ into

k•
k + i+ j
◦ at all, and FiFj can do it in two different ways:

k• k + i•
k + j
◦

k + i+ j
◦

Fj−−→ k◦ k + i•
k + j
•

k + i+ j
◦ Fi−−→ k◦ k + i•

k + j
◦

k + i+ j
•

or
k• k + i•

k + j
◦

k + i+ j
◦

Fj−−→ k• k + i◦
k + j
◦

k + i+ j
• Fi−−→ k◦ k + i•

k + j
◦

k + i+ j
•

and the results cancel, since the first composition reverses the order of k and k + i, and
the second one preserves this order.

Now consider the commutator [F−j , Fj ]. Let, for the beginning, j = 1. The composi-
tions F−1F1 and F1F−1 are presented on the diagram below.

F−1F1

F1F−1

. . . . . .• • • ◦ • ◦ ◦ • • • ◦ ◦ • ◦ ◦ ◦

. . . . . .• • • ◦ • ◦ ◦ • • • ◦ ◦ • ◦ ◦ ◦

→ → → →← ← ← ←

→ → →← ← ←

(top arrows show the transformation performed first, bottom arrows indicate the second
transformation). We see that F−1F1 multiplies the monomial by the number of adjacent
pairs ( • ◦ ) and F1F−1 multiplies the monomial by the number of adjacent pairs ( ◦ • ),
or, differently, the first number is the number of transitions (black → white) we make
moving from far left to far right, and the second one is the number of transitions (white→
black). Since we begin with • and end with ◦, the first number is one more than the second
one, and the difference is 1. Thus, [F−1, F1] = 1 · id (we do not count the possibilities of
applying → and ← to different dots; they are the same for F−1F1 and F1F−1, and cancel
in the difference F−1F1 − F1F−1). At last, for j > 1 we split our sequence of black and
white dots into j sequences according to the residue modulo j, like this (for j = 3):

. . . . . .

. . . . . .

. . . . . .

. . . . . .

• • • ◦ • ◦ ◦ • • • ◦ ◦ • ◦ ◦ ◦

•
•
•

◦
•
◦

◦
•
•

•
◦
◦

•
◦
◦

◦

.............................................................................................................
..............
..................
..............

Each of the j sparse sequences contributes 1 to [F−j , Fj ] as above, so [F−j , Fj ] = j · id.
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Thus, H becomes an H-module, and

xk1i1 . . . x
ks
is

= F k1i1 . . . F ksis 1 7→ F k1i1 . . . F ksis (. . . ∧ f−3 ∧ f−2 ∧ f−1)

is an H-isomorphism K → H.

Let us return to the proof. If we fix α and β, then K acquires a structure of a Vir-
module, and our isomorphism carries this structure into H. It remains to check that the

last structure is the same as that of H(λ, µ) with λ = −α− 1

2
, µ = β − α.

First, the action of z with respect to the two structures is the same:

−12λ2 − 12λ− 2 = −12λ(λ+ 1)− 2 = −12

(
−α− 1

2

)(
−α+

1

2

)
− 2

= −12α2 + 3− 2 = 1− 12α2.

Next, we compare the actions of ei for the two structures. It would be sufficient to do it,
say, for e3 and e−1, since these two generate Vir, but we will do it for an arbitrary odd i

(the case of an even i is not much different, but we prefer to avoid the coefficients
1

2
and

the squares of F ’s). For the beginning, assume that α = β = 0. Then, with respect to
the structure coming from K, ei =

∑
FrFs (r + s = i, r > s, r 6= 0, s 6= 0). This ei can

transform
k• `• `+ s◦ k + r◦ into

k◦ `◦ `+ s• k + r• in two different ways:

k• `• `+ s◦ k + r◦ Fs−−→ k• `◦ `+ s• k + r◦ Fr−−→ k◦ `◦ `+ s• k + r•

and
k• `• `+ s◦ k + r◦

F`+s−k−−→ k◦ `• `+ s• k + r◦
Fk+r−`−−→ k◦ `◦ `+ s• k + r•

(the order of operators in the second line may be different), and the results cancel because
of different signs.

It remains to evaluate the amount of transformations
k• −→k + i◦ arising in the action

of ei. We will need the following simple combinatorial observation. Consider the diagram
of a monomial as above,

. . . . . .• • • ◦ • ◦ ◦ • • • ◦ ◦ • ◦ ◦ ◦
−8−7−6−5−4−3−2−1 0 1 2 3 4 5 6 7

...................................................................................................................................................................

(we mark black and white dots as well) and draw a vertical line between the dots marked
as j − 1 and j. Let w be the number of white dots to the left of the vertical line and b
be the number of black dots to the right of vertical line. Then j = w − b (on the picture,
1 = 3 − 2). The fact is obvious (the proof is left to the reader). Now take the diagram
of our monomial and draw a vertical line through the midpoint of the interval between
k• and

k + i◦ . The combination FrFs with s < r, r + s = i, r 6= 0, s 6= 0 which take
k• into

k + i◦ correspond to white dots to the left of the vertical line (then this white point
has the label k + s) and to black dots to the right of the vertical line (then the black dot
has the label k + i− s); see the diagram below.
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Fs

Fs

Fs

Fs

Fr

Fr Fr

Fr

Let w be the number of white points to the left of vertical line (in the initial diagram),
b be the number of black points to the right of vertical line, and q be the number of black

points between
k• and

k + i◦ (all in the initial diagram). The transformation on the left of
the diagram above produce the sign (−1)q, the transformation on the right produce the sign

(−1)q−1. Thus, the total coefficient at
k• → k + i◦ in ei is (−1)q(w−b) = (−1)q

(
k +

i+ 1

2

)
= (−1)q(µ+ k − λ(i+ 1)) with µ = 0, λ = −1

2
, as it should be for α = β = 0.

For arbitrary α and β, ei acquires the summand (αi+β)Fi which leads to the addition

of αi+ β to k +
i+ 1

2
. But

k +
i+ 1

2
+ αi+ β = β − α+ k +

(
α+

1

2

)
(i+ 1) = µ+ k − λ(i+ 1)

where λ = −α− 1

2
, µ = β − α, as it should be.

This completes the proof of Theorem.

5.2. Vertex operators.

5.2.1. The definition. Vertex operators Bk(α):H → H, α ∈ C, k ∈ Z are defined
by the formula

∞∑
k=−∞

Bk(α)tk = exp

(∑
i>0

αFit
i

i

)
· exp

(∑
i<0

αFit
i

i

)
.

In other words,
∞∑

k=−∞

Bk(α)tk =

(
1 + αF1t+

1

2
α(F2 + αF 2

1 )t2 +
1

6
α(2F3 + 3αF1F2 + α2F 3

1 )t3 + . . .

)
·(

1− αF−1t
−1 +

1

2
α(−F−2 + αF 2

−1)t−2 +
1

6
α(−2F−3 + 3αF−1F−2 − α2F 3

−1)t−3 + . . .

)
So, for example,

B0(α) = 1 + α2F1F−1 +
1

4
α2(F2 + αF 2

1 )(−F−2 + αF 2
−1)

+
1

36
α2(2F3 + 3αF1F2 + α2F 3

1 )(−2F−3 + 3αF−1F−2 − α2F 3
−1) + . . . ,

B1(α) = αF1 −
1

2
α2(F2 + αF 2

1 )F−1 +
1

12
α2(2F3 + 3αF1F2 + α2F 3

1 )(−F−2 + αF 2
−1) + . . .

82



The following properties of vertex operators are obvious:

Proposition 5.4. (1) Bk(0) =

{
id, if k = 0,
0, if k 6= 0.

(2) For any α ∈ C, B0(α)v = v where v ∈ H denotes the vacuum vector.
(3) The operators Bk(α), B−k(α) are taken into each other by the anti-isomorphism

Fi ↔ −F−i.
Now we prove the key property of the vertex operators.

Proposition 5.5: [Fi, Bk(α)] = αBk+i(α).

Proof. Obviously,

[
Fi, exp

αFjt
j

j

]
= 0, if j 6= −i. Also, [Fi, F

k
−i] = −ikF k−1

−i (−i/I, if

k = 1). Hence,[
Fi, exp

αF−it
−i

−i

]
=

∞∑
k=1

αk[Fi, F
k
−i]t

ki

k!(−i)k
=

∞∑
k=1

αk(−i)kF k−1
−i t−ki

k!(−i)k

= αt−i
∞∑
k=1

αk−1F k−1
−i t−(k−1)i

(k − 1)!(−i)k−1
= αt−i exp

αF−it
−i

−i
.

Therefore,

∞∑
k=−∞

[Fi, Bk(α)]tk =

[
Fi,

∞∑
k=−∞

Bk(α)tk

]
=

Fi, exp

∑
j>0

αFjt
i

j

 · exp

∑
j<0

αFjt
j

j


= αt−i exp

∑
j>0

αFjt
i

j

 · exp

∑
j<0

αFjt
j

j


= α

∞∑
k=−∞

Bk(α)tk−i =
∞∑

k=−∞

αBk+i(α)tk.

Using this proposition, we can give an axiomatic description of vertex operators.

Proposition 5.6. Let α ∈ C. Assume that for each k ∈ Z a C-linear operator
Ck:H → H of degree k is given such that C0(v) = v and [Fi, Ck] = αCk+i. Then Ck =
Bk(α).

Proof. Let Dk = Ck − Bk(α). We need to prove that Dk = 0. It follows from our
assumptions and Proposition 5.11 that D0(v) = 0 and [Fi, Dk] = αDk+i.

If α = 0, then the last equality takes the form [Fi, Dk] = 0, and FiDkv = DkFiv = 0
for i < 0 (since Fiv = 0 for i < 0). Hence, Dk(v) = 0 for all k 6= 0; for k = 0 this is also
true by assumption. Therefore, DkFi1 . . . Fisv = Fi1 . . . FisDkv = 0 for all k, i1, . . . , is,
that is, Dk = 0.

If α 6= 0, then Dk =
1

α
[Fk, D0], so it is sufficient to prove that D0 = 0. Let D0(x) = 0

for deg x < j and D0(Fj1Fj2 . . . Fjrv) 6= 0 for some positive j1, . . . , jr with j1 + . . .+ jr = j
(j > 0 since F0(v) 6= 0). Then F−iD0(Fj1 . . . Fjrv) 6= 0 for some i > 0.
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We will use the following computation:

FuD0Fv = FuFvD0 − αFuDv

= FuFvD0 − αDvFu − α2Du+v

= FuFvD0 − FsD0Fu +D0Fv

− αFu+vD0 + αD0Fu+v.

If we put u = −i, v = j1 and apply the both sides of the last equality to Fj2 . . . Fjrv, then
on the left hand side we will get F−iD0(Fj1 . . . Fjrv) 6= 0, and on the right hand side we
will apply D0 to vectors of degrees, respectively, j− j1, j− i, j− j1− i, j− j1, j− i, all less
than j; so, on the right hand side we will get 0. This completes the proof.

5.2.2. The vertex operators and the forms ϕk,n. In Section 4.4.3, we considered
the forms

ϕk,n =
∑

j1+...+jn=k+(n2)
j1<...<jn

V(j1, . . . , jn)

V(1, . . . , n)
fj1 ∧ . . . ∧ fjn

and also a linear map

Shift−n ◦ (∧ϕk,n) :H → H. (23)

Now we are going to prove

Proposition 5.7. For every k ∈ Z, n ∈ Z>0, the mapping (23) coincides with Bk(n).

Proof. In view of Proposition 5.6, we need to check two things: (a) the mapping
(23) with k = 0 takes v into v, and (b) Fiϕk,n = nϕk+i,n. The assertion (a) is obvious:
ϕ0,n = f0 ∧ f1 ∧ . . . ∧ fn−1+ terms containing fj with negative j, and

Shift−n((. . . ∧ f−2 ∧ f−1) ∧ (f0 ∧ f1 ∧ . . . ∧ fn−1)) = . . . ∧ f−2 ∧ f−1.

As to (2),

Fiϕk,n =
∑

j1+...+jn=k+(n2)
j1<...<jn

V(j1, . . . , jn)

V(1, . . . n)

n∑
s=1

fj1 ∧ . . . ∧ fjs+i ∧ . . . ∧ fjn

=
∑

j1+...+jn=k+i+(n2)
j1<...<jn

n∑
s=1
V(j1, . . . , js − i, . . . , jn)

V(1, . . . n)
fj1 ∧ . . . ∧ fjn ,

and all we need to check is
n∑
s=1
V(j1, . . . , js − i, . . . , jn) = nV(j1, . . . , jn). Let

n∑
s=1
V(j1, . . . ,

js−i, . . . , jn) = P (i). Then P (i) = P (0)+iP ′(0)+
i2

2
P ′′(0)+. . .; but P (0) = nV(j1, . . . , jn)
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and all the derivatives P ′(0), P ′′(0), . . . are skew-symmetric polynomials of j1, . . . , jn of

degree < degV =

(
n

2

)
, hence they all are zero.

5.2.3. Explicit formula for vertex operators. For a partition σ = {s1, . . . , su}, s1 ≥
. . . ≥ su > 0, we put

fσ = . . . f−u−1 ∧ f−u+su ∧ . . . ∧ f−1+s1 , Jσ = {. . . ,−u− 1,−u+ su, . . . ,−1 + s1}.

and
h(σ) =

∏
j′∈Jσ,j′′ /∈Jσ,j′>j′′

(j′ − j′′)

(the last quantity is known as the dimension of the irreducible representation of S(u)
corresponding to the partition σ).

Proposition 5.8.
Bk(α)fσ =

∑
|τ |=|σ|+k

bα(σ, τ)fτ

where

bα(σ, τ) = (−1)|σ|

∏
j′∈Jσ,j′′ /∈Jτ ,j′>j′′

(α− (j′ − j′′))

h(σ)
·

∏
j′∈Jτ ,j′′ /∈Jσ,j′>j′′

(α+ (j′ − j′′))

h(τ)
(24)

Proof. It is seen from the original definition of Bk(α) that for fixed σ and τ , the
function bα(σ, τ) is a polynomial in α. Therefore, it is sufficient to prove the formula for
sufficiently large integral α. By Proposition 5.7, the coefficient bα(σ, τ) for large integral
α can be found in the following way. We shift the set Jτ by α to the right (that is, add
α to each element of Jτ ), then remove Jσ from the resulting set (if α is large enough, the
shifted set contains Jσ) and get a final set J = {j1, . . . , jr}. The coefficient in question is
equal to

(−1)N
V(j1, . . . , jr)

V(1, . . . , r)
,

where N is the number of pairs j′, j′′ such that j′ ∈ J, j′′ ∈ Jσ, j′ < j′′. It is easy to see
that N = |σ|, r = |α|. Hence

bα(σ, τ) = (−1)σ

∏
j′,j′′ /∈Jσ; j′−α,j′′−α∈Jτ ;j′>j′′

(j′ − j′′)

V(1, . . . , α)
.

After cancellations, this formula becomes formula (24).

5.2.4. Commutators with ei. Let λ, µ ∈ C.

Proposition 5.9. The operators

Bk(α):H(λ, µ)→ H(λ, µ+ α)
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commute with ei according to the following rule:

[ei, Bk(α)] =

[
αµ+ k +

α(α− 1)

2
− (α− 1)(α+ 2)

2
i− α(i+ 1)λ

]
Bk+i(α)

.
Proof. If α is a positive integer n, then this proposition is the same as Proposition 4.8

in Section 4.4.3 (the proof of which was postponed there). On the other hand, since the
difference between the left hand side and the right hand side of the equality is on operator
with coefficients polynomial in α, it is sufficient to prove it for positive integral α. Thus,
what we need to prove is eiϕk,n = Bϕk+i,n where

B = nµ+ k +
n(n− 1)

2
− (n− 1)(n+ 2)

2
i− n(i+ 1)λ,

and we can restrict ourselves to the case i 6= 0. In turn, the equality we are proving means
precisely that

n∑
s=1

V(j1, . . . , js − i, . . . , jn)(µ+ js − i− λ(i+ 1)) = B · V(j1, . . . , jn)

provided that j1 + . . .+ jn = k + i+

(
n

2

)
.

We already know that
n∑
s=1
V(j1, . . . , js− i, . . . , jn) = nV(j1, . . . , jn) (see Section 5.3.2).

Now we will need one more relation of this kind.

Lemma.

n∑
s=1

jsV(j1, . . . , js − i, . . . , jn) =

[(
n∑
s=1

js

)
− i
(
n

2

)]
V(j1, . . . , jn).

Proof of Lemma. Let Q(i) be the left hand side of the equality in Lemma. Then

Q(i) = Q(0) + iQ′(0) +
i2

2
Q′′(0) + . . .

But all the derivatives of Q starting from Q′′(0) are skew-symmetric polynomials in

j1, . . . , jn of degree less than

(
n

2

)
, so they equal 0. Thus,

Q(i) = Q(0) + jQ′(0) =
n∑
s=1

jsV(j1, . . . , jn)− i
n∑
s=1

js
∂

∂js
V(j1, . . . , jn)

=

(
n∑
s=1

js

)
V(j1, . . . , jn)− i degV · V(j1, . . . , jn)

=

[(
n∑
s=1

js

)
− i
(
n

2

)]
V(j1, . . . , jn).
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Back to Proposition.

n∑
s=1

V(j1, . . . , js − i, . . . , jn)(µ+ js − i− λ(i+ 1))

=

n∑
s=1

(µ− i− λ(i+ 1))V(j1, . . . , js − i, . . . , jn) +

n∑
s=1

jsV(j1, . . . , js − i, . . . , jn)

=

[
n(µ− i− λ(i+ 1)) +

(
n∑
s=1

js

)
− i
(
n

2

)]
V(j1, . . . , jn)

=

[
n(µ− i− λ(i+ 1)) + k + i+

(
n

2

)
− i
(
n

2

)]
V(j1, . . . , jn) = B · V(j1, . . . , jn).

Corollary 5.10. Bk(α):H(λ, µ)→ H(λ, µ+α) is a Vir-homomorphism if and only
if

λ = − (α− 1)(α+ 2)

2α
, µ = −α

2 + k − 1

α
.

If we believe that this homomorphism is not 0 at v (see Proposition 4.10 of Section
4.4.3), then we have an (explicit) construction of a singular vector if degree k for a module

of semi-infinite forms with h and c equal to hk,1(t) and ck,1(t) with t = −α
2

2
, that is, for

an arbitrary point of the curve Φk,1 (in the notation of Section 4.5).

But what about Φpq with arbitrary p, q? In Section 4.4.2 we considered a homomor-
phism H(λ, µ)→ H(λ, µ+ pn) (we have to change slightly the notations of Section 4.4.2)

of degree pq, q = k − n2(p− 1)

2
defined as f 7→ Shift−np

(
f ∧ (φpk,n)

)
and proved that it

is a Vir-homomorphism, if λ = − (n− 1)(n+ 2)

2n
, µ = −n − k − 1

n
. This gives a singular

vector of degree pq in the module H(λ, µ+ pn) for which h = hpq(t), c = cpq(t), t = −n
2

2
.

Is it possible to generalize this construction to the case when n is replaced by a complex
number? At least, not directly: the homomorphism considered is the composition

Bk−(p−1)n2(n) . . . Bk−n2(n)Bk(n)

and this does not make sense for a non-integral n (well, for a non-integral n2). What we
need, is a “composition” Bk1(α1) . . . Bkn(αn) with complex k1, . . . , kn, well, it is desirable
that the sum k1 + . . . + kn be integral: this is the degree of our composition. We will
discuss these “composition vertex operators” and their applications to singular vectors in
subsequent sections. But for the beginning, we will prove some things (not too much)
concerning the compositions and the commutators of vertex operators.

5.2.4. Compositions of vertex operators. Proposition 5.11. For α, β ∈ C,

∞∑
k=0

B−k(β)Bk(α)tkv = (1− t)αβv;
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in other words,

B−k(β)Bk(α)v =
αβ(αβ − 1) . . . (αβ − k + 1)

k!
v.

Proof. We must prove that the degree 0 component of the series( ∞∑
k=−∞

Bk(β)tk2

)( ∞∑
k=−∞

Bk(α)tk1

)
v

is equal to (1− (t1/t2))αβv. Write out this series in full length:(
exp

∑
i>0

βFit
i
2

i
exp

∑
i<0

βFit
i
2

i
exp

∑
i>0

αFit
i
1

i
exp

∑
i<0

αFit
i
1

i

)
v.

Of these four factors, the last one can be dropped, since Fiv = 0 for i < 0. Also, the first
factor can be dropped, since Fi applied to anything cannot have a component of degree 0.
Thus, we are interested in the degree 0 component of the series(

exp
∑
i<0

βFit
i
2

i
exp

∑
i>0

αFit
i
1

i

)
v =

∞∏
i=1

( ∞∑
s=0

βsF s−it
−is
2

(−i)ss!

)( ∞∑
s=0

αsF si t
is
1

iss!

)
v

Since, obviously, [F s−i, F
s
i ]v = iss!v, this is

∞∏
i=1

∞∑
s=0

(αβ)s(t1/t2)si

(−i2)s(s!)2
[F s−i, F

s
i ]v =

∞∏
i=1

∞∑
s=0

(αβ)s(t1/t2)is

(−i)ss!
v =

∞∏
i=1

(
exp

αβ(t1/t2)i

−i

)
v

=

(
expαβ

∞∑
i−1

(t1/t2)i

−i

)
v =

(
expαβ log

(
1− t1

t2

))
v =

(
1− t1

t2

)αβ
v.

Corollary 5.12. If αβ is a positive integer, then B−k(β)Bk(α)v = 0 for k > αβ.

Proposition 5.11 has the following generalization.

Proposition 5.13. For α1, . . . , αn ∈ C,

∑
k1+...+kn=0

tk11 . . . tknn Bk1(α1) . . . Bkn(αn)v =
∏
i<j

(
1− tj

ti

)αiαj
v.

It is proved in precisely the same way as Proposition 5.11.

Next result is similar to Proposition 5.6 of Section 5.2.1.

Proposition 5.14. Let α, β ∈ C. Assume that for every k, ` ∈ Z an operator
C`,k:H → H is given such that

∞∑
k=−∞

C−k,kt
kv = (1− t)αβv and [Fi, C`,k] = βC`+i,k + αC`,k+i
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is given. Then C`,k = B`(β)Bk(α).

The proof is similar to that of proof of Proposition 5.6 (the reference to Proposition
5.5 should be replaced by a reference to Proposition 5.11 above).

Proposition 5.14 may be used to obtain some formulas connecting different vertex
operators. Here is a statement from our the work of Feigin; maybe, more can be obtained
in a similar way.

Proposition 5.15. If αβ ∈ Z≥0, then

B`−αβ(β)Bk(α) = (−1)αβBk−αβ(α)B`(β).

Besides this, if αβ = −1, then

B`+1(β)Bk(α) +Bk+1(α)B`(β) = Bk+`+1(α+ β),

and if αβ = −2, then

B`+2(β)Bk(α)−Bk+2(α)B`(β) =
(k + 1)β − (`+ 1)α

α+ β
Bk+`+2(α+ β).

Proof. It is sufficient to verify that (for α and β fixed) the operators

C`,k =


(−1)αβBk−αβ(α)B`+αβ(β), if αβ ∈ Z≥0,

−Bk+1(α)B`−1(β) +Bk+`(α+ β), if αβ = −1,

Bk+2(α)B`−2(α) +
(k + 1)β − (`+ 1)α

α+ β
Bk+`(α+ β), if αβ = −2

satisfy the assumption of Proposition 5.14. The verification is straightforward; for example,
if αβ ∈ Z≥0,

∞∑
k=−∞

C−k,kt
kv = (−1)αβ

∞∑
k=−∞

Bk−αβ(α)B−k+αβ(β)tkv

= (−1)αβ
αβ∑

k=−∞

Bk−αβ(α)B−k+αβ(β)tkv

= (−1)αβ
∞∑
m=0

B−m(α)Bm(β)tαβ−m = (−t)αβ
(

1− 1

t

)αβ
v = (1− t)αβv.

5.2.5. Application: proof of Proposition 4.11. We postponed the proof of this
Proposition 4.11 in Section 4.4.3. We can prove it now.

We must prove that if n is an even integer and s ≥ n2(k − 1)

2
, then Bv 6= 0, where

B = Bs−(k−1)n2(n) . . . Bs−n2(n)Bs(n).
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Proposition 5.13 provides a convenient formula for compositions of vertex operatorsBki(αi),
but it works only in the case k1 + . . .+ kn = 0, while this sum for our composition is equal
to

(s− (k − 1)n2) + (s− (k − 1)n2)(s− (k − 2)n2) + . . .+ (s− n2) + s = k`,

where ` = s− n
2(k − 1)

2
. We will obtain a composition of vertex operators, which satisfies

our condition, if we subtract ` from every subscript:

B0 = B
−n

2(k−1)
2

(n)B
−n

2(k−3)
2

(n) . . . Bn2(k−3)
2

(n)Bn2(k−1)
2

(n)

According to Proposition 5.13, B0v = Cv, where C is the coefficient of the term with

t
−n

2(k−1)
2

1 t
−n

2(k−3)
2

2 . . . t
n2(k−1)

2

k in the product
∏
i<j

(
1− ti

tj

)n2

, which is the same as the

coefficient of the term with (t1 . . . tk)n
2(k−1) in the product

∏
i<j(tj−ti)n

2

. This coefficient

is known to be equal to
(kn2/2)!

(n2/2)!k
(this is the famous Dyson’s identity, see [22]), and hence

is not zero.
Now, let us show that B0v can be obtained from Bv by means of the operators F−i.

First notice that the expression

Bs−(k−1)n2−m1
(n) . . . Bs−n2−mk−1

(n)Bs−mk(n)

with non-negative integers m1, . . . ,mk is symmetric with respect to m1, . . . ,mk: this fol-
lows from Proposition 5.15. Next, let us apply (F−`)

k to Bv. If an F−` reaches v, we get 0
(since Fiv = 0 for i < 0); thus, every factor F−`v has to form a commutator with some B’s.
If all these B’s are different, the B becomes B0. Thus, (F−`)

kBv = nk! · B0v + . . ., where
“. . .” consists of terms obtained by applying F−` to repeating B. Each of these terms cor-
respond to partitions σ = (σ1, . . . , σr) of k, σ1 ≥ σ2 ≥ . . . ≥ σr and σ1 +σ2 + . . .+σr = k:
we subtract σ1`, . . . , σr` from subscripts at r different B’s and multiply the composition
arising by nr. By the symmetry described above, the result does not depend on the choice

of these B’s; since there are
k!

(n− r)!
choices, the final result will be nr

k!

(n− r)!
Bσv, where

Bσ = Bs−(k−1)n2−`σ1
(n) . . . Bs−(k−r)n2−`σr (n)Bs−(k−r−1)n2(n) . . . Bs(n)

Next, we apply to Bv the composition F−2`(F−ell)
k−2 and subtract the result, with an

appropriate coefficient, from what we already have. We will eliminate Bσ with σ =
(2, 1, . . . , 1). Then we do the same for the other partitions of k in any order which is
compatible with the natural partial order: τ > σ, if σ can be obtained from τ by subdivid-
ing some τi into smaller parts. As a result, we will obtain a presentation of B0v as a linear
combination of terms of the form F−i1 . . . F−itBv. Since B0v 6= 0, Bv cannot be zero.

90



5.3. Composition vertex operators.
5.3.1. Introduction. According to Corollary 5.10, if

λ = − (α− 1)(α+ 2)

2α
, µ =

1− k
α

, (25)

then Bk(α)v, where v is the vacuum vector in H(λ, µ−α), is a singular vector in H(λ, µ)k.
A direct comparison shows that the equations (25) are the same as the parametric equations
of the curve Ψ−k,−1 (with the parameter θ =

√
2α−1; see the beginning of Section 4.8.4).

Thus the operators Bk(α) give rise to (more or less) explicit expressions for singular vectors
of degree k in all modules H(λ, µ) with (λ, µ) ∈ Ψ−k,−1, and, through that, to (well,
less explicit) formulas for singular vectors of degree k in Verma modules M(h, c) with
(h, c) ∈ Φk,1. But for the case k > 1, ` > 1 we had a construction of singular vectors
inH(λ, µ) only for some isolated points (λ, µ) ∈ Ψk,`. This partial success was attained by
applying to v some composition of vertex operators (more precisely, by multiplying v by
powers of the forms ϕs,n). Our aim now to find a generalization of a composition of vertex
operators, which would give singular vectors in all reducible H(λ, µ). Our way of doing
that is attaching some sense to a “composition”

Bk1,...,kn(α1, . . . , αn) = Bk1(α1) . . . Bkn(αn) (26)

in the case when k1, . . . , kn are complex numbers with only the sum k1 + . . . + kn being
integral.

5.3.2. The definition. At the moment, we still assume that the k1, . . . , kn are
integers, but we will use the notation (26). According to Propositions 5.5 and 5.9, we
have:

[Fj , Bk1,...,kn(α1, . . . , αn)] =

n∑
s=1

αsBk1,...,ks−1ks+j,ks+1,...,kn(α1, . . . , αn); (27)

[ei, Bk1,...,kn(α1, . . . , αn)] =

n∑
s=1

(µs+ks−(i+1)λs)Bk1,...,ks−1ks+i,ks+1,...,kn(α1, . . . , αn), (28)

where

λs = αsλ+
(αs − 1)(αs + 2)

2
, (29)

µs = αs(µ+ αs + αs+1 + . . .+ αn)− 1. (30)

Now, let us fix complex numbers β1, . . . , βn with β1 + . . .+ βn = 0 and try to attach
some sense to a “composition” Bk1+β1(α1) . . . Bkn+βn(αn). For this “composition,” we will
use the notation Bk1,...,kn(α1, . . . , αn;β1, . . . , βn), and we list the expected properties of
these operators in the following

Definition. Let α1, . . . , αn;β1, . . . , βn ∈ C, and let β1 + . . . + βn = 0. A family of
operators

Bk1,...,kn(α1, . . . , αn;β1, . . . , βn):H(λ, µ)→ H(λ, µ+ α1 + . . .+ αn)
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(k1, . . . , kn ∈ Z) is called a family of composition vertex operators (of type (α1, . . . , αn;β1,
. . . , βn)), if formulas (27) – (30) hold with the following changes: (α1, . . . , αn) in formu-
las (27) and (28) should be replaced by (α1, . . . , αn;β1, . . . , βn); formula (30) should be
replaced by

µs = αs(µ+ αs + αs+1 + . . .+ αn)− 1 + βs. (31)

Example.

Bk1(α1) . . . Bkn(αn):H(λ, µ)→ H(λ, µ+ α1 + . . .+ αn)

is a family of composition vertex operators of type (α1, . . . , αn; 0, . . . , 0).

5.3.3. The main statement. Theorem 5.16. (i) For a family of operators
Bk1,...,kn :H(λ, µ) → H(λ, µ + α1 + . . . + αn) the property of being a family of composi-
tion vertex operators of type (α1, . . . , αn;β1, . . . , βn) does not depend on λ and µ.

(This allows us to consider a family of composition vertex operators as a family of
operators H → H.)

(ii) For α1, . . . , αn;β1, . . . , βn with β1 + . . .+βn = 0 fixed, the vector space of families
of composition vertex operators of type (α1, . . . , αn;β1, . . . , βn) has dimension ≥ (n− 1)!.
Moreover, for almost all sets (α, β) this dimension is equal to (n− 1)!.

(The precise meaning of words “almost all” will be clarified in the proof.)

Conjecture 5.17 (Still open, as far as I know) The dimension of the above space is
≤ n!.

5.3.4. Sufficiency of degree 0 operators. Lemma. Let {γk1,...,γn | ki ∈ Z, k1 +
. . . + kn = 0 be a family of complex numbers. Then for any α1, . . . , αn ∈ C there exists a
unique family of operators Bk1,...,kn(α1, . . . , αn):H → H (k1, . . . , kn ∈ Z), which satisfies
the conditions (27) and

for ki ∈ Z, k1 + . . .+ kn = 0, Bk1,...,kn(α1, . . . , αn)v = γk1,...,knv. (32)

Proof is straightforward.

Using this lemma, we can convert the restrictions imposed on Bk1,...,kn , into restric-
tions for γk1,...,kn (k1 + . . .+ kn = 0). Namely:

Proposition 5.18. Let {γk1,...,kn | ki ∈ Z, k1 + . . .+ kn = 0} be a family of complex
numbers, and let {Bk1,...,kn :H → H | ki ∈ Z} be a family of operators satisfying the condi-
tions (27) (with some α1, . . . , αn) and (32). This family is a family of composition vertex
operators H(λ, µ)→ H(λ, µ+α1,+ . . .+αn) of type (α1, . . . , αn;β1, . . . , βn) if and only if
the following equations hold:∑

j

(ki − j + βi − αi(α1 + . . .+ αi−1))γ...,ki−j,...

=

j−1∑
u=1

∑
1≤i1<i2≤n

αi1αi2γ...,ki1−u,...,ki2−(j−u),... (j > 0, ki ∈ Z,
∑
i

ki = j);

(33)
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∑
j

(ki + j + βi − αi(αi+1 + . . .+ αn))γ...,ki+j,...

=

j−1∑
u=1

∑
1≤i1<i2≤n

αi1αi2γ...,ki1+u,...,ki2+(j−u),... (j > 0, ki ∈ Z,
∑
i

ki = −j);
(34)

Here λ and µ are assumed fixed, but as the equations do not involve them, we may
conclude that if Bk1,...,kn is a family of composition vector operators for some ]λ, µ, then
so is for any λ, µ. Thus, the Part (i) of Theorem 5.16 follows from Proposition 5.18.

Proof of Proposition 5.18. Last lemma shows that the operators Bk1,...,kn :H → H,
which satisfy conditions (27) and (32), exist and unique. Using the description of ei
via Fj , we can deduce from (27) an expression for [ej , Bk1,...,kn ]. All we need is that
[ej , Bk1,...,kn ] satisfies also the condition (28). In other words, we can calculate the com-
mutator [ej , Bk1,...,kn ] from (27) and (28), and our requirement is that the results be the
same. An immediate calculation shows that this is precisely the equalities (33) and (34).
The remarkable fact is that the contributions of λ and µ into the results of the two com-
putations cancel, when we equate them (and this is why Part (i) of Theorem 5.16 holds).
Let us show how it happens.

Since the commutators [FrFs, Bk1,...,kn ] do not involve λ and µ, the dependence
of the result of the first computation on λ and µ comes from the commutator [(αj +

β)Fj , Bk1,...,kn ]. But αj + β = µ− (j + 1)λ− j + 1

2
. Hence, from (27),

[ej , Bk1,...,kn ] = (µ− (i+ 1)λ)
∑
s

αsB...,ks+j,... + expression without λ, µ.

Also, since µs = αsµ + . . . , λs = αsλ + . . ., where . . . do not involve either λ or µ, the
same result follows from (28). This explains the absence of λ and µ in equations (33) and
(34).

Notice also that our equations are dependent; for example, we can remove all the
equations (33), (34) with j ≥ 3.

5.3.5. Example: n = 2. A simple computation shows that in this case all the
equations (33), (34) are corollaries of one of them, for example, the equation (33) with
j = 1. If we put γ−k,k = γk and β1 = −β2 = β, then this equation take the form

(−k + β)γk + (k + 1− β + α1α2)γk+1 = 0.

We see that if neither of β and β − α1α2 is an integer, then all γk can be expressed via,
say, γ0. The same is true, if only one of β, β − α1α2 is an integer, or idf both are integers,
but α1α2 ≥ 0. But in the “exceptional case,” when β ∈ Z, α1α2 ∈ Z<0, there are two
independent solutions:

γk =

 (−1)k
(
−α1α2 + β − k − 1

β − k

)
if k ≤ β,

0 if k > β;
γk =

 (−1)k
(

k − β − 1

k + α1α2 − β

)
if k ≥ β − α1α2

0 if k < β − α1α2
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5.3.6. Beginning of the proof of Main Theorem. Probably, there are two
independent ways of proving Theorem 5.16 (and possibly Conjecture 5.17) The first one
consists in a direct investigation of the system (33), (34), while the second one describes
the functions γk1,...,knt

k1
1 . . . tknn as solutions of system of partial differential equations. We

will combine these two ways: they will give us upper and lower bounds for the number of
independent solutions for generic α, β.

Proposition 5.20. The system (33), (34) is equivalent to the system

∑
S⊂{1,...,,n}

cardS=j

∑
s∈S

(βs + ks + 1) +
∑

s∈S,t/∈S,s<t

αsαt

 γk1+w1,...,kn+wn = 0

(k1 + . . .+ kn = −j, j + 1, . . . , n)

(35)

where wi = 1, if i ∈ S, and wi = 0 if i /∈ S.

Proof. Indeed, if we denote the equation of system (34) by eq(k1, . . . , kn) then the

equation (35) is equivalent to
∑

S⊂{1,...,,n},cardS<j

eq(k1 + s1, . . . , kn + sn).

Proposition 5.21. If all the coefficients of the system (35) are non-zero (equivalently:
if all the sums ∑

s∈S
βs +

∑
s∈S,t/∈S,s<t

αsαt

are non-integral), then the system (35) has no more than (n− 1)! independent solutions.

Proof. Fix a large positive integer k and consider the part of the system (35) consisting
of equations with k1 = . . . = kn−1 = k. We put

Γ`1,...,`n−1
= γ`1,...,`n−1,−(n−1)k−`1−...−`n−1

, Γ(`1, . . . , `n−1) =
∑

Γ`1,...,`n−1
t`11 . . . t

`n−1

n−1

(Thus, Γ(`1, . . . , `n−1) is a power series. Then asymptotically (for k → ∞) our part of
system (35) (after multiplication by k−1) takes the form

(jσj − (n− j)σ(j − 1 = 0 (j = 1, . . . , n− 1),

where σj is the j-th elementary symmetric polynomial. To solve the last system is the
same as to determine the cokernel of the operator

C[[t1, . . . , tn−1]]→ C[[t1, . . . , tn−1]]n−1, F 7→ {(jσj − (n− j)σj−1)F | j = 1, . . . , n− 1},

which, by duality, has the same dimension as the kernel of the operator

C[t1, . . . , tn−1]n−1 → C[t1, . . . , tn−1], (p1, . . . , pn−1) 7→
∑

(jσj − (n− j)σj−1)ij ,

that is, as the quotient

C[t1, . . . , tn−1]/(jσj − (n− j)σj−1 | j = 1, . . . , n− 1),
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which is isomorphic to C[t1, . . . , tn−1]/(σ1, . . . , σn−1), and it is well known that the di-
mension of the latter is (n − 1)!.Thus, our “asymptotic system” has precisely (n − 1)!
independent solutions. It remains to notice that if all the coefficients of system (35) are
non-zero, then every solution {γk1,...,kn with ki ≥ k for i = 1, . . . , n− 1, then this solution
is zero. Hence, our system has a part with precisely (n − 1)! independent solutions, and
therefore the whole system has no more that (n− 1)! independent solutions.

5.3.7. End of the proof of Main Theorem: cohomology of a domain in Cn
with local coefficients. Proposition 5.22. If a formal series

Γ(t1, . . . , tn) =
∑

k1+...+kn=0

γk1,...,knt
k1
1 . . . tknn

satisfies the system of PDE

DiΓ = 0 (i = 1, . . . , n), Di =
∂

∂ti
−
∑
j 6=i

[
αiαj
ti − tj

− βi − αi(α1 + . . .+ αi−1)

ti

]
, (36)

then γk1,...,kn satisfy the system (33), (34).

Proof. Indeed, the equations (33), (34) are nothing but∑
tjiDiΓ = 0 (j = 2, 3, . . .),

∑
tjiDiΓ = 0 (j = 0,−1, . . .).

To complete the proof of Theorem 5.16, it is sufficient to prove the following

Proposition 5.23. If no product αiαj is integral, then the system DiΓ = 0 has from
(n− 1)! to n! independent solutions.

We shall prove Proposition 5.23 in an equivalent cohomological form. Let

∆ = ∆n = {(t1, . . . , tn) ∈ Cn | ti 6= 0, tj 6= ti for j 6= i}

An easy check shows that [Di, Dj ] = 0; hence, the operators Di generate a flat connection
∇ on the standard trivial line bundle over ∆. There arises the De Rham complex

Ω∇ = {Ω0(∆)
d∇−→Ω1(∆)

d∇−→ . . .
d∇−→Ωn(∆)},

where Ωi(∆) is the space of holomorphic differential forms of degree i on ∆.
The homology of this complex is closely related to system (36). Namely, for a linear

operator ϕ:Hn(Ω∇)→ C, set

γk1,...,kn = ϕ[tk11 . . . tknn dt1 ∧ . . . ∧ dtn].

Obviosly, {γk1,...,kn} satisfies the system (36). There arises a linear map

(Hn(Ω∇))∗ → solutions of (36).
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Lemma. If no product αiαj is integral, then this map is one-to-one.

Proof. It follows from the obvious fact that for a holomorphic form ω ∈ Ωn−1(Cn−0)
the residue of the form d∇ω with respect to the plane ti = tj is

(exp 2π
√
−1αiαj − 1)ω|{ti=tj}.

In view of this lemma, Proposition 5.23 follows from the following

Proposition 5.24. (n− 1)! ≤ dimHn(Ω∇) ≤ n!.

Proof. The cohomology of the complex Ω∇ is the cohomology of the domain ∆n

with coefficients in a local system with the stalk C and the transformation induced by a
closed path σ: [0, 1] → ∆n being z 7→ eσz, where eσ is a function of the linking numbers
ai, bij of σ with the planes ti = 0, ti = tj :

eσ =
∏
i

exp 2π
√
−1 ai(βi − αi(α1 + . . .+ αi−1)) ·

∏
i<j

exp 2π
√
−1 bijαiαj .

Remarks. (1) We will not need this long (although obvious) formula for eσ; all we
need is if σ is a trajectory of the standard action of S1 = {z ∈ C | |z| = 1} in ∆, then
eσ = 1 (since β1 + . . .+ βn = 0).

(2) The fact that the cohomology of ∆ can be calculated from the complex of holo-
morphic forms depends on the fact that ∆ is a Stein manifold, namely the holomorphy

domain of the function (t1, . . . , tn) 7→
(∏

i ti ·
∏
i<j(ti − tj)

)−1

.

Consider the sequence of (holomorphic) fibrations

∆n
pn−→∆n−1

pn−1−→ . . .
p3−→∆2

p2−→∆1 = C∗,

where pj(t1, . . . , tj) = (t1, . . . , tj−1). The fiber Fj of pj is C with j punctures, which is
homotopy equivalent to the wedge of j circles.

Denote our local system on ∆ = ∆n by C or Cn. Then there arises a sequence of
local systems Cj = R1(pj+1)∗Cj+1 on ∆j . The Leray spectral sequences of the fibrations
pj provide the chain of isomorphisms

Hn(∆n; Cn) ∼= Hn−1(∆n−1; Cn−1) ∼= . . . ∼= H2(∆2; C2) ∼= H1(∆1; C1) (37)

The stalk of the system Cj is H1(Fj+1; Cj+1|Fj+1
)). Let dj be the dimension of this

stalk. Then the description of Fj given above shows that jdj+1 ≤ dj ≤ (j + 1)dj+1. Since
dn = 1, this shows that (n + 1)! ≤ d1 ≤ n!. From (37), Hn(∆n; Cn) ∼= H1(∆1; C1). Since
the system C1 is trivial (see Remark (1) above) and ∆1 is homotopically equivalent to the
circle, dimH1(∆1; C1) = d1.

This completes the proof of Proposition 5.24, and, hence, of Theorem 5.16.

5.3.8. A final remark. Informally speaking, Proposition 5.22 states that

∑
k1+...+kn=0

γk1,...,knt
k1
1 . . . tknn =

∏
1≤i<j≤n

(
1− ti

tj

)αiαj n∏
i=1

tβii .
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(Compare Proposition 5.13.) It is true, however, that neither the left hand side of this
equality, nor its right-hand side, makes much sense: the first one is a divergent series, the
second one is a multivalued function. The equality means only that the both sides satisfy
the same system of equation. (See further comments in Section 4.8 of [13].)

5.4. Applications to singular vectors in the modules of semi-
infinite forms.

The results of Section 5.3 show that

Bk1,...,kn(α1, . . . ., αn;β1, . . . , βn)v ∈ H(λ, µ)k1+...+kn

(where v is the vacuum vector of H(λ, µ− α1 − . . .− αn)) is a singular vector if and only
if it is not zero and

αsλ+
(αs − 1)(αs + 2)

2
= 0⇐⇒ α2

s + αs(2λ+ 1)− 2 = 0,

αs(µ− αs+1 − . . .− αn)− 1 + βs + ks = 0

(38)

(s = 1, . . . , n). Let us begin with the case α1 = . . . = αn = α. The the sum (over s) of the
second equality (38) becomes (since β1 + . . .+ βn = 0)

n

(
αµ− n− 1

2
α2

)
= n− k, where k = k1 + . . .+ kn

The system (38) becomes

α2 + α(2λ+ 1)− 2 = 0,

n(n− 1)

2
α2 − nµα+ n− k = 0.

From this,

λ = −α
2 − α− 2

2α
, µ =

(n− 1)α

2
− k − n

nα
.

This is the parametric equation of the curve Ψ−n,−k/n (see Sections 4.8.4 and 5.3.1).
If we plug the last expression for µ into the second of equations (38), we get:

βs =

(
n+ 1

2
− s
)
α2 +

k

n
− k.

With these βs, we can state that

Bk1,...,kn(α, . . . , α;β1, . . . , βn)v ∈ H(λ, µ)k (39)

(in view of an indeterminacy of composition vectors operators, it is better to cay “any
vector of this form”) is either zero, or a singular vector. (It is easy to see that the vector
(39) does not depend on k1, . . . , kn: only k matters.) If k is not divisible by n, then H(λ, µ)
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(generically) does not have singular vectors of degree k, and hence the vector (39) is zero
(which is not obvious a priori). If k is divisible by n, then H(λ, µ) contains singular vectors
of degree k, and the vector

Bk/n,...,k/n

(
α, . . . , α;

n− 1

2
α2,

n− 3

2
α2, . . . ,

1− n
2

α2

)
v ∈ H(λ, µ)k

is either zero, or a singular vector. One can expect that this vector is not zero for some
α’s, but we were not able to prove it. If we believe in this, then we obtain explicit formula
for singular vectors in all reducible modules H(λ, µ).

Remark in conclusion that if we drop the assumption α1 = . . . = αn, we get more
vanishing theorems for composition vector operators. For example,

Bk1,k2

(
α,− 2

α
;−β, β

)
v = 0

in H(λ, µ) for arbitrary α and

β = 1 +
k2α

2 + 2k1

2− α2
, λ = − (α− 1)(α+ 2)

2α
, µ =

(k1 + k2)

2− α2
.

5.5. The Japanese Lie algebra GL.

Our next (and last) goal is to include the Lie algebras H and Vir into a bigger Lie
algebra which, in many senses is the right infinite-dimensional version of gl(n). We call
it Japanese, because it is one of basic objects in “semi-infinite geometry,” created and
developed by the so called “Sato school” which was founded in Kyoto, Japan, by Mikio
Sato. The most relevant publication on this subject is [23]. I can say that semi-infinite
forms also belong to this geometry, as well as the Japanese Grassmannian. This is the
(infinite-dimensional) manifold of subspaces L of the space V with the basis {vi | i ∈ Z}
such that the quotients L/(L ∩ V−) and V − /(L ∩ V−) (where V− = span{vi | i ≤ 0}) are
finite-dimensional.

The actions of H and Vir in H will be the restriction of a certain action of this Lie
algebra. We begin with its construction.

5.5.1. The main construction. What is the right Lie algebra of matrices of
infinite order? The most obvious candidate is the limit

−→
lim
n→∞

gl(n), which is the Lie algebra

of ∞×∞ matrices with finitely many non-zero entries. We will denote this Lie algebra
as gl(∞). Also we can consider the algebra of automorphisms of an ∞-dimensional space.
There is two other versions of this. Let V be the (complex) vector space with the basis

{vi | i ∈ Z},and let V̂ be the space of “linear combinations”
∑
k∈Z

akvk with the set of

non-zero coefficients ak with positive k being finite. Then EndV is the Lie algebra of
matrices ‖aij‖i,j∈Z with finitely many non-zero entries in every column, and End V̂ is the

Lie algebra of matrices ‖aij‖i,j∈Z such that, for some N , the set of non-zero entries aij
with i > N or j < −N is finite. However, neither of these three Lie algebras possesses a
non-trivial central extension, and by this reason we have to look somewhere else.
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We describe below modifications of these two Lie algebras, which are equally satis-
factory for our purposes. We will attribute the notation GL0 to the last of them, but the
reader can replace it by any of the other two.

The first is the Lie algebra of generalized Jacobi matrices, that is, matrices ‖aij‖ such
that for some n, aij = 0 , if |j − i| > N (in other words, matrices with finitely many
non-zero diagonals).

The second is the Lie algebra of endomorphisms of V continuous with respect to
topology generated by sets Vk = span{vi | i ≤ k}. In other words, this is the Lie algebra
of matrices with finitely many non-zero entries in every column satisfying the additional
condition: for every r, s ∈ Z, the number of non-zero entries ‖aij with i > r and j < s is
finite.

The last one is the same with V replaced by V̂ . Its matrix description is the same
as in the previous case, with the condition of “finitely many non-zero entries in columns”
dropped. This is what we denote as GL0.The picture below shows (schematically) the
structure of a matrix from this Lie algebra.
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The common property of the last three Lie algebras is that they possess a (common to
them all) non-trivial central extension. Below, we describe a cocycle c(A,B), A,B ∈ GL0.
First, define a transformation φ:GL0 → GL0 which assigns to a matrix A its “upper left
corner”:

A = ‖aij‖ 7→ φ(A) = ‖aφij , a
φ
ij =

{
aij , if i < 0, j < 0,
0 otherwise
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This transformation “almost commutes” the commutators, in the sense that the matrix
ψ(A,B) = [φ(A), φ(B)] − φ[A,B] has finitely many non-zero entries. Indeed, if A =
‖aij‖, B = ‖bij‖, and ψ(A,B) = ‖cij‖, then, for i < 0, j < 0,

cij =
∑
k<0

(aikbkj − bikakj)−
∑
k

(aikbkj − bikakj) = −
∑
k≥0

(aikbkj − bikakj),

99



which has finitely many non-zero values, since both akj and bkj can be different from zero
for finitely many k ≥ 0, j < 0. We put

c(A,B) = trψ(A,B).

Let us prove that this c satisfies the cocycle equation. For A,B,C ∈ GL0,

c([A,B], C) + c([B,C], A) + c([C,A], B) =

= tr (ψ([A,B], C) + ψ([B,C], A) + ψ([C,A], B))

= tr ([φ[A,B], φ(C)] + [φ[B,C], φ(A)] + [φ[C,A], φ(B)]

−φ[[A,B], C] − φ[[B,C], A] − φ[[C,A], B]) zero (Jacobi)

= tr ([φ[A,B], φ(C)] + [φ[B,C], φ(A)] + [φ[C,A], φ(B)]

−[φ(A), φ(B)], φ(C)]− [φ(B), φ(C)], φ(A)]− [φ(C), φ(A)], φ(B)]) zero (Jacobi)

= tr ([ψ(A,B), φ(C)] + [ψ(B,C), φ(A)] + [ψ(C,A), φ(B)])

The latter is equal to zero, since ψ(−,−) ∈ gl(∞) (has finitely many non-zero entries) and
the following holds:

Lemma If X ∈ gl(∞) and Y is an arbitrary Z × Z matrix, then the trace tr[X,Y ] is
defined and is equal to zero.

Proof. It is sufficient to consider when X is a one-entry matrix with the entry of xrs.
Let Y = ‖yij‖. Then the only (non-zero) diagonal entry of XY is (XY )rr = xrsysr and
the only diagonal entry of Y X is (Y X)ss = ysrxrs. Hence, tr[X,Y ] = ysr − ysr = 0.

Thus, c is a cocycle, and it gives rise to a one-dimensional central extension of the Lie
algebra GL0. We denote the extended Lie algebra as GL and denote the generator of the
center by z.

We will see in the next section that this central extension is not trivial. Actually, GL
is the unique (up to isomorphism) non-trivial central extension of GL0

5.5.2. Some important subalgebras of GL.

5.5.2.1. The Heisenberg algebra. Let Fk be the matrix of the transformation
vi 7→ vi−k, that is the matrix ‖aij = δi−k,j‖. Let us compute c(F`, Fk).

First of all, obviously, [F`, Fk] = 0, and hence φ[F`, Fk] = 0. Let us calculate, for
k > 0, φ(F−k), φ(Fk), and [φ(F−k), φ(Fk)]. The matrices of F−k, Fk, φ(F−k), φ(Fk) are
shown below.

0 0

0 0 0 0

1
1

1
1

1
1

1
1

1
1

1
1

. . .

. . .

. . .

. . .

. . .

. . .

. . .

F−k Fk φ(F−k) φ(Fk)
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Computations:

v−k−1 7→ v−1 v−1 7→ v−k−1 v−1 7→ v−1 v−k−1 7→ v−k−1 v−1 7→ v−1

v−k−2 7→ v−2 v−2 7→ v−k−2 v−2 7→ v−2 v−k−2 7→ v−k−2 v−2 7→ v−2

v−k−3 7→ v−3 v−3 7→ v−k−3 v−3 7→ v−3 v−k−3 7→ v−k−3 . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v−k 7→ v−k

φ(F−k) φ(Fk) φ(F−k)φ(Fk) φ(Fk)φ(F−k) [φ(F−k), φ(Fk)]

Thus, tr[φ(F−k), φ(Fk)] = k and c(F−k, Fk) = k. A similar computation shows that if
` + k 6= 0, then tr[F`, Fk] = 0 (the matrix of [F`, Fk] does not have non-zero diagonal
entries), and hence c(F`, Fk) = 0. Thus, elements Fk (k 6= 0) and z span a subalgebra of
GL isomorphic to the Heisenberg algebra.

By the way, this construction shows that the restriction of the cocycle c to the com-
mutative subalgebra of GL0 spanned by Fk, k 6= 0 is not cohomologous to zero (since the
Heisenberg algebra is a non-trivial central extension of the commutative algebra). Hence, c
is not cohomologous to zero as a cocycle of GL0, and GL is a non-trivial central extension
of GL0.

5.5.2.2. The Virasoro algebra. There is a two-parameter family of embeddings of
Vir into GL with the parameters λ, µ ∈ C, and they arise from the Witt-module structure
in Fλµ. Namely, we denote by ek (k ∈ Z) an element of GL0 which acts in V as vj 7→
(µ+ j−λ(k+ 1))vj+k (a familiar formula, isn’t it?). We know only too well that [e`, ek] =
(k− `)ek+`. Now, let us calculate c(e`, ek). It is easy to see (precisely as in the Heisenberg
case), that if k+` 6= 0, then the matrix of ψ(e`, ek) does not have non-zero diagonal entries,
so in this case c(e`, ek) = 0.

It remains to calculate c(ek, e−k). Similarly to the previous calculation, the matrix
of ψ(ek, e−k) has k non-trivial diagonal entries ψ−j,−j , j = 1, . . . , k. The contribution of
[φ(e−k), φ(ek)] into ψ−j,−j is the coefficient at v−j in eke−kv−j . But there is a difference
with the previous case: the commutator [e−k, ek] is not zero: it is equal to 2ke0. This
makes an additional contribution into ψ−j,−j the coefficient at v−j in 2ke0v−j . From this,
we obtain a formula for c(e−k, ek) = trψ(e−k, ek):

c(e−k, ek) =

k∑
j=1

(µ− j − λ(1− k))(µ− (j + k)− λ(1 + k))− 2k

k∑
j=1

(µ− j − λ).

A direct further calculation gives:

c(e−k, ek) = kµ(µ− 2λ− 1)− k3 − k
6

(6λ2 + 6λ+ 1),

and this is our final result.

This shows that the formulas ei 7→ ei for i 6= 0, e0 7→ e0 +
1

2
µ(µ − 2λ − 1)z, z 7→

−2(6λ2 + 6λ+ 1)z define an embedding Vir→ GL. We denote this embedding as ηλµ. (If
λ and µ are known and fixed, we will consider Vir as a subalgebra of GL; in particular,
we will never use again the notation ēi.)
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5.5.2.3. The orthogonal and symplectic algebras. The space V possesses a
symmetric inner product, 〈vi, vj〉 = δi+j,1, and a skew symmetric inner product, {vi, vj} =

δi+j,1
j − i

2
. Both are defined in the space V̂ . Accordingly, we define two subalgebras of

GL0:
O0 = {g ∈ GL0 | 〈gv′, v′′〉+ 〈v′, gv′′〉 ∀v, v′′ ∈ V̂ }

SP0 = {g ∈ GL0 | {gv′, v′′}+ {v′, gv′′} ∀v, v′′ ∈ V̂ }

Both O0 and SP0 can be described in the terms of matrix entries. Namely,

g = ‖gij‖ ∈ O0, if and only if g1−i,j = −g1−j,i ∀i, j,
g = ‖gij‖ ∈ SP0, if and only if g1−i,j(1− 2i) = g1−j,i(1− 2j) ∀i, j.

Notice that the last two conditions describe symmetries in diagonals parallel to the main
diagonal, so they do not conflict with the definition of GL0. Also both can be applied to
generalized Jacobi matrices.

A calculation (which we skip) shows that the restrictions of the cocycle c to O0 and
SP0 are not cohomologous to zero, so they give rise to non-trivial one-dimensional central
extensions O and SP of O0 and SP0.

5.5.2.4. The substitutes for the algebras of upper triangular matrices. Cer-
tainly, upper triangular matrices form a subalgebra of GL0, but it does not play any serious
role in the representation theory. This role is played by a whole family of subalgebras of
GL. For a positive integer N , denote by P0(N) the subalgebra of GL0 which consists of
matrices ‖gij‖ such that gij = 0, if i > j, i > −N, j < N (see diagram below).

.........................................................................................................................................................................................................................................................

...............................
........

..................
..................
...

..................
..................
................

..................
..................
..................
..........

..................
..................
..................
..................
.....

..................
..................
..................
..................
..................

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
..................
.

..................
..................
..................
..................
..................
..................
.......

..................
..................
..................
..................
..................
..................
..............

..................
..................
..................
..................
..................
..................
..................
..

..................
..................
..................
..................
..................
..................
..................
.........

..................
..................
..................
..................
..................
..................
..................
...............

..................
..................
..................
..................
..................
..................
..................
..................
...

..................
..................
..................
..................
..................
..................
..................
..................
..........

..................
..................
..................
..................
..................
..................
..................
..................
...

..................
..................
..................
..................
..................
..................
..................
...............

..................
..................
..................
..................
..................
..................
..................
.........

..................
..................
..................
..................
..................
..................
..................
..

..................
..................
..................
..................
..................
..................
..............

..................
..................
..................
..................
..................
..................
.......

..................
..................
..................
..................
..................
..................
.

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................
.............

..................
..................
..................
..................
..................

..................
..................
..................
..................
.....

..................
..................
..................
..........

..................
..................
................

..................
..................
...

..................
........
.............

zeroes

−N

N

The inverse image of P0(N) is the trivial center extension of P0(N); we denote it by
P(N).

Also we will use the notation diag for the algebra of diagonal matrices. The matrix
with the only non-zero entry E11 = 1 will be denoted as hi.

5.5.3. Representation theory for GL. There is no indisputable similarity between
GL and Kac-Moody and Virasoro algebras, because GL has “infinite rank.” In particular,
there are no Verma modules. Still some basic notions of the representation theory work
for the case of GL.

5.5.3.1. Bernstein-Gelfand-Gelfand modules and their weight vectors. A
GL-module M is called a Bernstein-Gelfand-Gelfand module of type c ∈ C, if (i) zm =
cm for every m ∈ M ; (ii) the restriction of M to the algebra diag of diagonal matrices
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decomposes into the sum of one dimensional diag-modules; (iii) for any m ∈M there exists
an N such that dimU(P(N)) <∞ (where U stands for the universal enveloping algebra).

A weight vector of a GL-vector is, by definition, a common eigenvector of all elements
of diag. The weight of a weight vector m ∈ M is the sequence {λi} of complex numbers
such that him = λim (where hi is a one-entry matrix with hivj = δijvj).

Proposition 5.25. If {λi} is the weight of some weight vector in a Bernstein-
Gelfand-Gelfand module, then λN = λN+1 = . . . and λ−N = λ−N−1 = . . . for some
N .

Proof. Let m ∈ M be a weight vector of weight {λi}. Then, for some N , the space
U(P(N).is finite-dimensional. But P(N) contains subalgebras isomorphic to sl(n) with
arbitrary large n,
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sl(n)

sl(n)

and it is well known that sl(n) has no non-trivial representations of dimension < n. For
all i ≥ N , the differences hi+1 − hi and h−i − h−i−1 belong to one of these subalgebras
sl(n), n > dimU(P(N) of P(N). Hence their action on m is trivial, which means that
λi = λi+1 and λ−i = λ−i−1.

We will call weights, which satisfy the conclusion of Proposition 5.25, admissible. For
an admissible weight {λi}, we will denote λi and λ−i with i large as λ∞ and λ−∞.

5.5.3.2. Highest weight vectors. A weight vector in a GL- or gl(∞)-module M is
called a highest weight vector, if here exists an N such that (i) gv ∈ Cv for any g ∈ P(N);
(ii) gv = 0, if g ∈ P(n) and all the diagonal entries of g are zeroes. Actually, it is true
that any irreducible Bernstein-Gelfand-Gelfand module has a unique up to a factor highest
weight vector. We will not prove it here which makes it necessary to impose an additional
assumption on modules considered in next Proposition; for our purposes, this assumption
is quite harmless.

The weight of the highest weight vector of an irreducible Bernstein-Gelfand-Gelfand
module M will be called the highest weight of M .

Notice that if M is an irreducible Bernstein-Gelfand-Gelfand gl(∞)-module with an
admissible highest weight then for all weights of weight vectors in M , λ∞ and λ−∞ are
the same.

Proposition 5.26. (a) Let M be an irreducible Bernstein-Gelfand-Gelfand GL-
module possessing a highest weight vector v. Then M is generated by v over U(gl(∞)).

(b) Let M be an irreducible Bernstein-Gelfand-Gelfand gl(∞)-module with admissible
highest weight {λi}. Then the structure of a gl(∞)-module can be uniquely extended to a
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structure of a GL-module. Moreover, z ∈ GL will act in M as λ−∞ − λ∞.

Proof of (a) is similar to the proof of similar statement for Verma modules. It is
obvious that M is generated by v over U(GL). But we can reorder the factors in elements
of GL in such a way that elements of P(N) go last. These elements take Cv into Cv .
Then we apply the matrices whose entries are in the domain i > −N, j < N, i > j, but a
matrix from GL has only a finite sets of non-zero entries in this domain, so these matrices
are all in gl(∞).

To prove (b), let us first describe a canonical way to extend the structure of a
Bernstein-Gelfand-Gelfand module over gl(∞) to a structure of a GL-module.

Let g = ‖aij‖ ∈ GL0. Consider first the case when all the diagonal entries of g are
zeroes. Let P is the set of all pairs (i, j) with aij 6= 0. Then g =

∑
(i,j)∈P

aijEij , aij ∈ C−0.

Let m be a weight vector of M . Then only finitely many of vectors Eijm can be non-zero.
Indeed, for some N , W = U(P(N) ∩ gl(∞))m is finite-dimensional. Since M is the sum
of one-dimensional diag ∩ gl(∞)-modules, the same is true for W . Hence, vectors from
W can have finitely many different weights, but all Eijm with i 6= j are weight vectors
with different weights. Denote by P0 the set of pairs (i, j) with non-trivial Eijm and set
gm =

∑
(i,j)∈P0

aijEijm.

Now, let g be a diagonal matrix, g =
∑
dihi Let {λ′i}, {λ′′i } be weights of weight

vectors v′, v′′ ∈M . The series
∑
diλ
′
i and

∑
diλ
′′
i diverge (in general), but their difference∑

di(λ
′
i − λ”i) converges (is, actually, finite). Indeed, if v ∈M is a highest weight vector,

then both v′ and v′′ are obtained from v by applying several matrices from gl(∞). Hence
the weights of both v′ and v′′ are obtained from the weight of v by changes in finitely
many positions, so there are only finitely many differences between them. Hence we may
regard the infinite sums diλi as well-defined up to a common summand which gives rise to
an extension of the representation of gl(∞) to a projective representation of GL0, that is,
to a representation of GL, since the latter is a unique central extension of GL0, according
to the Feigin-Tsygan theorem 5.15 (see Section 5.3.1).

Next, let us prove that the GL-extension of the gl(∞)-structure constructed above is
unique. For this, it is enough to prove that for any weight vector m ∈M there exists such
N ∈ Z that gm = 0 for any matrix g = ‖gij‖ ∈ GL such that gij = 0 for i = j or i < −N ,
or j > N . Let

m = Eirjr . . . Ei1j1v,

where is 6= js(s = 1, . . . , r) and let N = max(|i1|, . . . , |ir|, |j1|, . . . , |jr|). Obviously,
c(Eis,js ,GL0) = 0, so gm = gEirjr . . . Ei1j1v is the sum of 2r terms of the form

Ei′1j′1 . . . Ei′sj′s [. . . [g,Ei′′1 ,j′′1 ] . . . , Ei′′t j′′t ] v,

where {(i′1, j′1), . . . , (is, j
′
s)} and {(i′′1 , j′′i ), . . . , (i′′t , j

′′
t )} are two complimentary subsets of

the set {i1, j1), . . . , (ir, jr)}. All these terms are zero by Condition (ii) in the definition of
highest weight vectors in the beginning of this section.

It remains to prove that z acts in M as the multiplication by λ∞ − λ−∞. But z =
[F−1, F1] where F−1 =

∑∞
j=−∞Ej,j−1 and F1 = F t−1 are generators of H ⊂ GL described

in Section 5.5.2.1. For the computation of the action of [F−1, F1] in M , we can replace
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F−1 and F t−1 by their “approximations” FN−1 =
∑N−1
j=−N Ej,j−1 and (FN−1)t (with a large

N). We have:

zv = [F−1, F
t
−1]v = [FN−1, (F

N
−1)t]v = (hN − h−N )v = (λN − λ−N )v = (λ∞ − λ−∞)v.

This completes the proof of Proposition 5.26. Notice in conclusion that both the
intersections diag ∩ O and diag ∩ SP consist of diagonal matrices

∑
diEii with di =

−d1−i (i ∈ Z), so in the cases of O and SP the weights of the Bernstein-Gelfand-Gelfand
modules have the form λi | i ≥ 0 with λN = λN+1 = . . . and Proposition 5.26 remains
true with z acting as the multiplication by −2λ∞.

5.5.3.3. Finite Bernstein-Gelfand-Gelfand modules. A Bernstein-Gelfand-
Gelfand GL-module M is called finite, if the action of Eij with j 6= i is locally nilpotent,
that is, for every m ∈M there exists an r such that Erijm = 0. It is easy to check that an
irreducible Bernstein-Gelfand-Gelfand module is finite if and only if its highest weight {λi}
is integral dominant, that is, {λi} is a non-decreasing sequence of integers. This makes
finite modules similar to finite-dimensional modules in the classical representation theory.

We will consider some important examples in the next section.

5.5.4. Some important examples.

5.5.4.1. The GL-module of semi-infinite forms. A semi-infinite form on V is
the “expression”

vi1 ∧ vi2 ∧ . . . , i1 < i2 < . . . and in = n for n large.

For i, j ∈ Z, we put

Eij(vi1 ∧ vi2 ∧ . . .) =

{
vi1 ∧ . . . ∧ vim−1

∧ vj ∧ vim+1
∧ . . . if im = i,

0 if i /∈ {i1, i2, . . .}.

In particular, for w = v1∧v2∧ . . ., Eiiw =

{
w if i > 0,
0 if i ≤ 0.

These formulas equip the space V

of semi-infinite forms with the structure of an irreducible Bernstein-Gelfand-Gelfand gl(∞)-

module with the highest weight vector w, and the highest weight (. . . , 0, 0,
(1)

1 , 1, 1 . . .).
According to Proposition 5.26(b), this structure has a unique extension to a structure of
a GL-module with z acting as id.

Notice that for any fixed λ, µ ∈ C, the embedding ηλµ:Vir→ GL (see Section 5.5.2.2)
makes V a Vir-module, which is the same as H(λ, µ); the isomorphism V → H(λ, µ) acts
as

vi1 ∧ vi2 ∧ vi3 ∧ . . . = fj0 ∧ fj1 ∧ fj2 ∧ . . . , j0 > j1 > j2 > . . . , {j`} = Z− {ik}.

5.5.4.2. The spinor representations of O. We consider the space V with he inner
product 〈vi, vj〉 = δi+j,1. The Clifford algebra Cliff(V ) is multiplicatively generated by V
(that is, {vi} is the system of generators) with the relation v′v′′ + v′′v′ = 〈v′, v′′〉 · 1. We
denote as V+ and V− the subspaces of V spanned by, respectively, vi with i ≥ 0 and vi
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with i < 0. Then the subalgebra of Cliff(V ) generated by V± is Λ∗V±. Obviously, Λ∗V+

is Cliff(V )/V−Cliff(V ) which makes Λ∗V+ a Cliff(V )-module, obviously irreducible. The
subspace of Cliff(V ) spanned by 1 and monomials of degree 2 is, obviously, closed with
respect to commutators, so it is a Lie algebra.

Proposition 5.27. This Lie algebra is isomorphic O.

Proof. According to formulas in Section 5.2.3, O0 consists of matrices ‖gij‖ with
g1−i,j = −g1−j,i, that is, is generated by 2-entries matrices Gij nonzero entries δi−i,j and

−δ1−j,i. A direct computation shows that the correspondence Gij 7→ vivj −
1

2
δi+j,1 · 1

establishes the isomorphism stated.

As a representation of O, Λ∗V+ is the sum of two irreducible representations: ΛevenV+

and ΛoddV+; these are called spinor representations. A construction similar to that in the
proof of Proposition 5.26 makes ΛevenV+ and ΛoddV+ O-modules.

The O-modules ΛevenV+ and ΛoddV+ are closely related to the GL-modules of semi-
infinite forms. Namely, the subalgebra of O consisting of endomorphisms of V which
preserve the decomposition V = V− ⊕ V+ isomorphic to GL: an O-endomorphism of V ,
which preserve the decomposition V = V−⊕V+, is determined by an automorphism of V+,
and we turn it into an endomorphism of V by means the renumeration of the basic elements:
{v0, v1, v2, v3, v4 . . .} → {v0, v−1, v1, v−2, v2, . . .}. The GL-module Λ∗V+ is the same as the
modules of “shifted” semiinfinite forms vi0 ∧ vi1 ∧ vi2 ∧ . . . , i0 < i1 < i2 < . . . , vin = n+ k
for fixed k ∈ Z and large n; the space of this shifted forms with a given k is denoted as
H(k). This H(k) is a GL-module with the highest weight

. . . , 0, 0, 0,
(k)

1 , 1, 1, . . .

The isomorphism between exterior forms on W = V+ and (shifted) semiinfimite forms on
V is

wj1 ∧ wj2 ∧ . . . ∧ wjr ←→ vi0 ∧ vi1 ∧ vi2 ∧ . . . ,

where {i0, i1, i2, . . .} is the set of integers consisting of all negative integers of the form

−js + 1

2
and all positive integers not of the form

js
2

. In the category of GL modules, this

isomorphism is

ΛevenV+
∼=
⊕
k even

H(k), ΛoddV+
∼=
⊕
k odd

H(k).

5.5.4.3. The Weyl representation of SP. The space of this representation is the
space D of polynomials of infinite set of variables x1, x2, . . ., which appeared in Section 5.1
as the space of the canonical representation of the Heisenberg algebra. It is easy to see
that the operators FiFj , together with /I, span a subalgebra of the Lie algebra EndD.

Proposition 5.28. This subalgebra is isomorphic to SP ∩ gl(∞).

Proof. According to the formulas in the Section 5.5.2.3, a matrix ‖gij‖ belongs to
SP0, if g1−i,j(1− 2i) = g1−j,i(1− 2j). Hence, SP ∩ gl(∞) spanned by Fij acting as

v1−i 7→
1− 2j

2
vj , v1−j 7→

1− 2i

2
vi, vk 7→ 0, if k 6= 1− i, 1− j
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(obviously, Fij = Fji). It is easy to see that

[Fij , Fkl] = δi+k,1
2k − 1

2
Fj` + δi+`,1

2k − 1

2
Fjk + δj+k,1

2k − 1

2
Fi` + δj+`,1

2k − 1

2
Fik,

which shows that the correspondence Fij ←→ Fi∗Fj∗ , k
∗ =

{
k, if k > 0,
k − 1, if k ≤ 0

is compat-

ible with the commutators.

A construction similar to that in Proposition 5.26 may be used to extend the action
of SP ∩ gl(∞) to the action of SP. This representation of SP is the right “Japanese
version” of the classical Weyl representation.

5.5.5. A localization of H. The main idea of the construction below is to include the
Vir-module H(λ, µ) into a bigger module which will contain singular vectors not for some
special values of λ and µ, but always. A similar construction exists for Verma modules
over Virasoro (and, possibly, Kac-Moody algebras); see [25] .

We use the “bosonic version” D of the space F of semi-infinite forms. The extension
consists in localization with respect to the variable x1. We will consider even further
extension allowing not only negative, but also complex powers of this variable.

For ν ∈ C, we denote by D̂ν the space of formal series

∞∑
n=0

pn(x2, x3, . . . , xn)xν−n1 ,

where pn is a homogeneous polynomial of degree n (where we assume that deg xj = j). In

particular, p0 is a constant, and p1 = 0. We use also notations D̂(ν) =
⊕

q∈Z D̂ν+q; this
is a Z-graded H-module.

Using the formulas

ei =
∑
r>s
r+s=i
r 6=0, s 6=0

FrFs

(
+

1

2
F 2
i/2, if i is even and 6= 0

)
+

{
(αi+ β)fi, if i 6= 0,
β2 − α2

2
/I, if i = 0,

z = (1− 12α2)/I

and λ = −α − 1

2
, µ = β − α from Sections 5.1.2 and 5.1.3, we turn D̂(ν) into a Z-

graded Vir-module. In this capacity, it will be denoted as Ĥ(λ, µ, ν). Obviously, there is a

canonical isomorphism Ĥ(λ, µ, ν)→ Ĥ(λ, µ, ν + q) of degree −q, and Ĥ(λ, µ) = Ĥ(λ, µ, 0)
contains H(λ, µ).

Proposition 5.29. For any λ, µ, ν, q the module Ĥ(λ, µ, ν) contains a unique (up to
a constant factor) singular vector of degree q.

Proof. Let

w =
∞∑
n=0

pn(x2, x3, . . . , xn)xν+q−n
1
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and consider the equation
(e−1 + e−2 + . . .)w = 0.

If (e−1 + e−2 + . . .)w =
∞∑
n=0

pn(x2, x3, . . . , xn)xν+q−n
1 =

∞∑
n=0

qn(x2, x3, . . . , xn)xν+q−n
1 , then

this equation becomes the system qn = 0 for all n. Which pm contribute to qn?
Most of the summands in the formula for e−i leave xν+q−m

1 intact. The exceptions
are F−i−1F1, F−i+1F−1, and (−α+ β)F−1, if i = 1. All the rest, will turn pmx

ν+q−m
1 into

(Dpm)xν+q−m
1 , where D is a differential operator of degree ≤ 2; so, for these parts of e−i,

pm with m 6= n do not contribute to qn, and the contribution of pn is Dpn. Similarly, the
contributions to qn arising from F−i+1F−1, and (−α+ β)F−1 are of the form D′pn−1 and
D′′pn−2, where D′ and D′′ are also differential operators of order ≤ 2.

And the most important thing: F−i−1F1

(
pn+1x

ν+q−n−1
1

)
= (i+ 1)

∂pn+1

∂xi+1
xν+q−n

1 .

Thus, our equation qn = 0 becomes

∞∑
j=2

j
∂pn+1

∂xj
+Dpn +D′pn−1 +D′′pn−2 = 0

If we equate to zero every homogeneous component of the left hand part, we get the system

2
∂pn+1

∂x2
= −rn−1, 3

∂pn+1

∂x3
= −rn−2, 4

∂pn+1

∂x4
= −rn−3, . . . , (40)

where rn−1, rn−2, . . . are polynomials of degree n− 1, n− 2, . . . defined by the equality

(e−1 + e−2 + . . .)
n∑

m=0

pm(x2, . . . , xm)xν+q−m
1 = (rn−1 + rn−2 + . . .)xν+q−n

1 + . . . ,

where the last “+ . . .” means terms with xν+q−n′
1 , n′ > n.

If we already know p0, p1, . . . , pn, we have the system (40) for pn+1. Uniqueness of
solution is obvious (since pn+1 is homogeneous of degree n+ 1), to prove the existence, we
need to confirm the equality

i
∂rn−(j−1)

∂xi
= j

∂rn−(i−1)

∂xj
.

But the part of degree −i − j + 2 of (e−(i−1) − e−(j−1) − (j − i))(e−1 + e−2 + . . .)
is [e−(i−1), e−(j−1)] − (j − 1)e−(i+j−2) = 0. Therefore, the part of degree n − i − j + 2
of (e−(i−1) − e−(j−1) − (j − i))(rn−1 + rn−2 + . . .) is zero, and this part is precisely (i −
1)
∂rn−(j−1)

∂xi−1
= (j − 1)

∂rn−(i−1)

∂xj−1
. This completes the p[roof of Proposition 5.29.

The final result is: The module Ĥ(λ, µ, ν) has a canonical singular vector of the form

xν1 + p2(λ, µ, ν, x2)xν−2
1 + p3(λ, µ, ν, x2, x3)xν−3

1 + . . . (41)
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Corollary 5.30. The module H(λ, µ) of semi-infinite forms has a singular vector of
degree n if and only if pj(λ, µ, n;x2, . . . , xj) = 0 for j > n. This vector has the form (41).

This shows that if Ψ−k,−` = 0, then pj(λ, µ, k`) = 0 for j > k`.
The explicit expressions for the polynomials pj are not known, but they can be cal-

culated from the equations given above. We exhibit the first three of these polynomials.

p2(λ, µ, ν;x2) = −1

2
νx2,

p3(λ, µ, ν;x2, x3) =
1

3

(
α1α2 −

ν − 1

2

)
νx3,

p4(λ, µ, ν;x2, x3, x4) =
1

16
((ν − 3)α2

1 − α1α3 + (ν − 1))νx2
2

+
1

8
((ν − 3)α1 + 2(ν − 1)α2 − 2α1α2α3)νx4

where αs = µ+ (s− 1)

(
λ+

1

2

)
. Notice that Ψ−k−` = αkα` −

(k − `)2

2
.

6. Exercises

6.1. Prove that if g = C with zero [ , ], then U(g) ∼= C[x]; if g = Cn with zero [ , ],
then U(g) ∼= C[x1, . . . , xn].

6.2. Prove that the functor Ass → Lie, which assigns to an associative algebra the
Lie algebra with the same space and the operation [A,B] = AB − BA possesses a right
adjoint, and this right adjoint assigns to a Lie algebra its universal enveloping algebra (see
Section 1.1.4).

6.3. Prove that Indab V is an initial object of the category of a-modules, which contain

V as a b-submodule. Prove the “dual statement”: Coindba V is a terminal object of the
category of a-modules equipped with a b-projection onto V .

6.4. (about the modules K(λ, µ) and J(α, β) from Section 1.2.3). (a) Check that the
formulas for the actions of f, h, e given in the end of Section 1.2.3 provide valid descriptions
of sl(2)-modules. (b) For which λ, µ, α, β are the modules K(λ, µ) and J(α, β) isomorphic?
(c) If the module J(α, β) is reducible, then list all their (proper, irreducible) submodules.

6.5. Prove that the quotient of a Kac-Moody algebra g(A) over its center c is graded
simple in the sense that it has no proper ideals I compatible with the n-grading, I =⊕

k1,...,kn
I ∩ g(A)k1,...kn . Still g(A)/c is not necessarily simple, it may have proper ideals;

show this on the example A1
1.

6.6. Prove that for A =

[
2 −1
−2 2

]
, the Kac-Moody algebra g(A) is isomorphic to

so(5) (see Section 2.2.2).

6.7. Prove that for A =

[
2 −1
−3 2

]
, the Kac-Moody algebra g(A) is isomorphic to

G2 (see Section 2.2.3).
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6.8 Let A =

[
2 −2
−2 2

]
, and let c be the centrer of the Kac-Moody algebra g(A)/c.

Prove that the homomorphism g(A)/c → sl(2) ⊗ C[[t, t−1] constructed in Section 2.2.4 is
an isomorphism. Hint. It has been proved in Section 2.2.4 that this homomorphism is
onto, so it is sufficient to prove that it has no kernel. But this kernel would have to be a
must be a graded ideal of g(A)/c, while g(A)/c has no proper graded ideals (Exercise 6.5).

6.9. Let A =

[
2 −1
−4 2

]
. Prove that the description of the Lie algebra g(A)/c given

in Section 2.2.5 is valid (the homomorphism constructed there is an isomorphism). Hint:
the same as in Exercise 6.8.

6.10. Prove that there are precisely 6 isomorphism classes of indecomposable affine
Lie algebras of rank 3. (Cartan matrices of these affine Lie algebras are listed in Section
2.4 )

6.11. Prove that if 0 6= k1h1 + . . . + knhn ∈ c and all ki are non-negative integers,
then k1α1 + . . .+ knαn is a root with 〈α, α〉 = 0 (see Remark in Section 3.2.2.2).

6.12. Prove that the elements bi, i = 1, 2, 3, . . . of the Lie algebra n+(A1
1) constructed

in Section 3.4.2 form a basis of this algebra and prove that [bi, bj ] = cijbi+j where bij = 0
or ±1 and bi,j ≡ i − j mod 3. Actually, the whole algebra A1

1/c is generated by elements
bi, i ∈ Z with the same relation.

6.13. Prove that the Weyl group takes roots into roots.

6.14. Describe the action of the Weyl group on the roots of A2
2.

6.15. Prove that the sl(3)-module M(λ) with λ1 = m− u− 1, λ2 = u− 1 (λ1 + λ2 =
m− 2, see Section 3.2.2.1) contains the following singular vector:

m∑
s=0

u(u− 1) . . . (u− s+ 1)Es31E
m−s
32 Em−s21 ;

here Eij is a one-entry matrix with aij = 1.

6.16. Determine, which of the modules Fλµ are reducible. For the reducible modules
Fλµ find all their proper submodules.

6.17. Let M be a Witt-module with the basis fj , j ∈ Z and eifj = aijfi+j with some
aij ∈ C. Prove that with exception of some degenerate case (for example in the case when
all aij are different from zero) M is isomorphic to Fλµ for some λ, µ (find them).

6.18. (It is rather a riddle than an exercise.) The set of equivalence classes of central
extensions of a Lie algebra (see Section 4.2.1) possesses a structure of a complex vectors
space. Guess, what this structure is, and prove that the correspondence between classes of
extensions and the two-dimensional cohomology is actually a vector space isomorphism.

6.19. Prove that the cocycle c(ei, ej) =
1

12
δ−i,j(j

3 − j) of the Witt algebra (see

Section 4.2.2) is unique in the sense that every other cocycle is cohomologous to λc, λ ∈ C.

6.20. (We use the notations from Section 5.1.2.) Prove that if the operators ẽi =
ei + aiFi (i 6= 0), ẽ0 = e0 + b/I, z = c/I satisfy the Virasoro commutator relations [ẽi, ẽj ] =
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(j − i)ẽi+j +
1

12
δi,−j(j

3 − j)z, then ai = αi + β, b =
β2 − α2

2
, c = 1 − 12α2 for some

complex numbers α, β.

6.21. Recall that the Schur polynomial sρ(x1, . . . , xk) where ρ = (r1, . . . , rk), r1 ≥
r2 . . . ≥ rk ≥ 0, r1 + . . .+ rk = k is a partition of k (we denote the set of all partitions of
k as P(k)) is defined by the formula

sρ(x1, . . . , xk) =

det


xrk1 xrk2 . . . xrkk

x
1+rk−1

1 x
1+rk−1

2 . . . x
1+rk−1

k
...

...
. . .

...
xk−1+r1

1 xk−1+r1
2 . . . xk−1+r1

k



det


1 1 . . . 1
x1 x2 . . . xk
...

...
. . .

...
xk−1

1 xk−1
2 . . . xk−1

k


.

This is a symmetric polynomial of degree k, hence

sρ =
∑

τ∈P(k)

aρτeτ

where for τ = (t1, . . . , tk), eτ = et1 . . . etk is a monomial of the elementary symmetric
polynomials.

Below, we use the notations from Section 5.1.3. Prove that in H

Fσ(. . . f−3 ∧ f−2 ∧ f−1) =
∑

τ∈P(k)

aρτfτ

where for ρ = (r1, . . . , rk), τ = (t1, . . . , tk), Fρ = Fr1 . . . Frk (here we assume that F0 = 1)
and fτ = . . . ∧ f−k−1 ∧ f−k+rk ∧ . . . ∧ f−1+r1 .
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