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1 Introduction

The projective plane, P, is a classic example of a non-orientable surface. It
is defined as the space of lines through the origin in R®. Equivalently, it is
the space of antipodal points on the unit sphere. Yet another way to think
about P is that it is the surface you get when you sew a Moebius band and
a disk together along their boundaries. All these descriptions are somewhat
abstract. You might wonder how to visualize P as a concrete set of points
in Euclidean space.

It is impossible to embed P as a surface in R®. Here is an elementary
proof that rules out a smooth embedding. If you could smoothly embed P
into R?, then the image would separate R® into an inside and an outside,
and the vector field of outward pointing normal vectors would give P an
orientation, a contradiction. For a proof that covers any continuous injective
map, you need a bit of algebraic topology. See [Hat, Corollary 3.46]. So, if
you want to visualize P in space, you must either look at higher dimensional
embeddings or at immersions — i.e., surfaces with self-intersections — in R?.

Let me describe some nice higher dimensional embeddings of P, but let
me say that these descriptions are just for context; you can safely ignore
them. If we think of P as the set of antipodal points of the unit sphere then
there is a simple way to embed P into R®: (x,y,2) — (22,42, 2%, ny, 21, y2).
When viewed as homogeneous coordinates, this map is known as the Veronese
embedding [Har]. With this interpretation, P is embedded in an affine patch
of projective 5-space, which is just a copy of R®.
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Here is a favorite of mine: We can think of the 5-dimensional non-
positively curved symmetric space X = SL3(R)/SO(3) as the space of unit
volume ellipsoids of R? centered at the origin. We can interpret the 4-sphere
S as X, the visual boundary of X. Each line L through the origin describes
a point in 0X. We approach this point through a path of unit volume el-
lipsoids that is stretching out along L like long thin cigars. This puts P
canonically inside S*. If we then remove a point of S* — P we have put P
inside R*. My paper [Schl, §2] describes this in detail.

Now back to Earth. In his Ph.D. thesis, later published in the 1903 paper
[B], Werner Boy gave two different immersions of P into R®. One of these
has a rather complicated singularity set and it is not commonly studied.
The other one is famous, and it is called Boy’s surface. Boy’s surface is a
beloved and mysterious object. Figure 0, which I took from [Wiki], shows
the sculpture of Boy’s surface at Oberwolfach.
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Figure 0: Boy’s surface at Oberwolfach
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Rob Kirby’s article [K] gives a succinct treatment of Boy’s surface and
also explains how it fits into a larger context of low dimensional topology. For
instance, the double cover of Boy’s surface plays a key role as the “midway
time slice” in the sphere eversion discovered by Bernard Morin [M]. See
the movie [SFL| made by John Sullivan, George Francis, and Stuart Levy
for a canonical related eversion that is defined in terms of Willmore energy
gradient flow.

Boy’s surface has many beautiful renditions. For smooth renditions, one
place to start is the explicit parametrization discovered by Morin or the one
discovered by Rob Kusner and Robert Bryant. See [Wiki| for formulas.
Moira Chas [C] has made some beautiful wire-knit models of Boy’s surface.
She gave me one recently.

I have tried at various times to understand Boy’s surface, but somehow
the effort has never met with joy. From time to time I have been able to
concentrate enough so that its crazy twists and turns fit together in my
mind (or seemed to), but then rather quickly the image went away without
a trace. The model Moira Chas gave me inspired me to try again. Now I
have it straight.

These notes give a fairly conceptual description of Boy’s surface that does
not draw too much on three dimensional visualization. As I discuss in §7, the
approach I take owes a big intellectual debt to a beautiful youtube video [S],
produced by the Serbian Academy of Sciences, showing an airplane flying
around and constructing Boy’s surface. You could view these notes as an
elaboration of the video.

I will explain how to build Boy’s surface out of simple pieces. All the
pieces except the last one are easy to make out of cardstock and tape, and the
last piece is determined automatically from the others by a coning procedure.
For the coning procedure to work most gracefully it is useful to think of Boy’s
surface as living in the 3-sphere, which I model as R® U co. Once you have
Boy’s surface in R*U oo, you can easily move it into R®. Actually, it is nicer
as a subset of R® U oo, because then (as we will see below) we can build it
with 6-fold rather than just 3-fold symmetry.

These notes feature a kit, in §8, that lets you print out and assemble all
but the last piece. If you feel more like making than like reading, you can
make the model first and then view these notes as a description of what you
made. I know the kit works. Katherine Williams Booth made a model from
it. Here is her photograph of her model.



Figure 1: An assembled kit!

Here is an outline of these notes.
e In §2, I discuss the octahedral graph in some detail. This discussion gives
a combinatorial explanation of why the boundary of the immersed surface in
Figure 1 is a single loop. Of course, you can also just build the thing and
trace the boundary around with your finger.
e In §3, I define the octacross. This piece is homeomorphic to the union of
the 3 coordinate planes. It is the central piece in Figure 1.
e In §4, I define the crossbridge. This piece is homeomorphic to the union of
2 coordinate planes. The 3 crossbridges are the big hoops in Figure 1.
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e In §5, I assemble most of Boy’s surface: You attach 3 crossbridges to the
octacross and then glue in 3 round disks. The disks are visible in Figure 1.
The union M of these 7 pieces turns out to be an immersed Moebius band.
This is what Figure 1 shows.

e In §6, I attach the final piece P, which I call the pizza. It turns out that
the boundary OM is cone-friendly: Each ray through the origin intersects
OM at most once. We set P = {tp| p € OM, t > 1}. Here P is a topological
disk we get by coning OM to oo. The reason for the name is that OM has the
combinatorial structure of an 18-gon, and correspondingly P is made from
18 pizza slices, each one a topological triangle. Boy’s surface is M U P.

e In §7, I compare and contrast these notes with the youtube video [S]. T also
make a connection to paper Moebius bands [Sch2] and raise an optimization
question related to the construction here.

e In §8, I include the kit which lets you make M, as in Figure 1.

e In §9, I present an alternate model using rectilinear pieces.

This article is one of many sources of information about Boy’s surface.
In addition to Kirby’s article [K] and the youtube video [S], both mentioned
above, here are a few others.

e The book [A] by Frangois Apéry discusses explicit parametrizations for
Boy’s surface and other surfaces.

e The article [Br] by Ulrich Brehm and the article [D] by Richard Denner
discuss minimal polyhedral models for Boy’s surface.

e Arnaud Cheritat has a solid model of Boy’s surface that you can print
with a solid printer. His model has something in common with my kit
above, though it is more elaborate. See [Ch)].

e The article by Andrew Norton [N] gives a foldable polyhedral paper
model for Morin’s surface, a surface closely related to Boy’s surface.

I thank Moira Chas, Peter Doyle, Wolfgang Kuehnel, Dan Margalit, and
Sergei Tabachnikov for helpful conversations about these notes. I thank
ChatGPT 5.2 for helping me find typos in the notes and also for discussing
the material. Finally, I thank Katherine Williams Booth for making the
model in Figure 1.



2 The Octahedral Graph

Let G be the octahedral graph. This graph is the union of vertices and edges
of the octahedron. A perfect matching for G is a union of 3 edges of G such
that every vertex of GG is contained in exactly one edge in the union. Figure
2 shows a perfect matching for GG, drawn in a symmetric way.

a

Figure 2: A perfect matching for the octahedral graph

We call the 3 edges in the matching bridges, and the remaining 9 edges
roads. The reason for the name is that each bridge e connects the roads that
are incident to vertices on either side of e. We can thicken e slightly and then
replace e with three parallel copies. (I like to think of these parallel copies
as lanes on the bridge.) This defines 3 paths of length 3, each of which has
the form road-bridge-road. Figure 3 shows this.

PP

Figure 3: A bridge between incident roads
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Figure 4 shows what happens when we do this construction simultane-
ously for all three bridges. The result is a length 18 circuit that alternates
between roads and bridges. I have added numbers and directions to the roads
to help you trace out the circuit.
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Figure 4: A circuit of length 18

Figure 5 is the same as Figure 4, but with different labels. The labels
correspond to the usual choice of octahedron having vertices (+1,0,0) and
(0,£1,0) and (0,0,£1). Geometrically, you are staring at the octahedron
along the axis X =Y = Z. The vertex (£1,0,0) is labeled by (&£, 0,0), etc.
We label the roads by the signs of the coordinates of points on them.



+0+ 0++

0-0
-0-
0-- -+0
00-
+0-
+00

o 040

Figure 5: Same path as in Figure 4, with different labels

All our constructions below are invariant under the order 3 rotation about
the axis X =Y = Z, namely the map (X,Y,Z) — (Y, Z, X). Likewise, all
our constructions are invariant under the order 2 rotations that respectively
fix the lines X +Y =0and Y+ 7Z =0 and Z + X = 0. The first of these
rotations is given by the map (X,Y, 7)) — (=Y, =X, —Z). The labelings in
Figure 5 reflect these symmetries.

Referring to Figure 1, the 18 vertices in Figure 5 correspond to the 18
points of non-smoothness on the surface boundary — i.e., the 18 points where
the octacross attaches to the crossbridges. Most of the tape appears around
these points.
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3 The Octacross

We first mention some notation which we will use repeatedly.
e Given a set Axy, we get Ay, and Az x by cycling the coordinates.
e D,(p) denotes the closed disk of radius r centered at p.
e A° and 0A respectively denote the interior and boundary of A.

As in Figure 6, define

Oxy = ([—1, 1) — | Dgs(1, :I:l)) x {0}. (1)

The union is taken over the 4 disks we get by taking all sign choices.

°
(11_1)
Figure 6: The set Oxy

The set Oxy is an octagon made from 8 sides, with curved and straight sides
alternating. The octacross is

Oxyz = Oxy UOyz UOzx. (2)

The octacross has 24 edges, 12 curved and 12 straight. We call the curved
edges roads. The 12 straight edges cross each other in pairs, making 6 crosses,
two per coordinate axis. If we were to crush these crosses down to points,
the resulting graph would be the octahedral graph.
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4 The Crossbridges

Let
Axy = <D4/3(1, —1) — D3 5(1, _1)> x {0},

Bxy = 0Di(1, —1) x [~1/3,1/3). (3)

Axy and Byxy are annuli which intersect in the unit circle 9D, (1, —1) x {0}.
One of the crossbridges is

Qxy ={(z,y,2) € Axy U Bxy| max(|z|,|y|) > 1}. (4)

We are chopping one quadrant out of Axy U Bxy to create QQxy. Figure 7
shows the projection of () xy into the XY plane.

(11_1)

Figure 7: The XY-projection of Q) xy .

@ xy is made by sweeping out a cross along three-quarters of a circle. The
boundary of () xy consists of 4 curved edges and 4 straight edges. We call
the curved edges bridges. The straight edges in the boundary cross in pairs,
making 2 crosses. These crosses match 2 of the crosses of the octacross.

The other crossbridges are QJyz and Qzx.
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5 Assembly

Figure 8 shows the XY -projection of the octacross Oxyz and the crossbridge
@ xy. This picture is a bit like a head with one hooped earring.

Figure 8: The XY -projection of Oxyz U Qxy.

The set
HIOxyzLJQnyQYZUQZX <5>

is like a head with 3 hooped earrings. Again, see Figure 1. As Figure 8
suggests, 0H contains 3 circles, each made from a road-bridge pair, one per
coordinate plane. We glue in the disks Dxy and Dy and Dyzx bounded by
these circles. That is, we define

M=0xyzUQxy UQyzUQzx UDxy UDyzUDgx. (6)

OM has 9 = 12 — 3 roads and 9 = 12 — 3 bridges. Together these make
an embedded loop, a combinatorial-length 18 circuit in which the roads and
bridges alternate. Combinatorially, this is the same circuit as the one in
Figure 5. For instance, looking at Figure 8 we can see that the roads (+40),
(——0) and (+0+), (0—+) and (+0—), (0——) connect across the shown
crossbridge. This matches Figure 5. (Our vertical labels are meant to be
read from bottom to top, as the arrows indicate.)
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Now I show that M is an immersed Moebius band. Let Mxy denote the
intersection of M with the XY-plane. Here Mxy is a topological rectangle
with alternating straight and curved edges. See Figure 9. The closure of
M — Mxy — Myyz — Mzx is the union of the B-parts of the crossbridges,
Bxy and By and Bzx. Each of these pieces is also a topological rectangle,
with alternating straight and curved edges. We have a cycle of 6 pieces, with
adjacent pieces sharing a common straight edge:

MXY <~ BYZ Al MZX

! !

BZX <~ MYZ e BXY

IVIXY

Figure 9: My and the Moebius band M*.

We treat each piece as a space in itself, and then form the identification
space by gluing along the common straight boundary edges. This gives an
abstract Moebius band M* that is decomposed into 6 topological rectangles.
Figure 9 shows a fundamental domain for M*. The arrowed sides are meant
to be glued. The obvious map M* — M is an isometric immersion.
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6 Adding the Pizza

We work in the 3-sphere S = R® U co. Let M be our immersed Moebius
band, as in Equation 6. As we mentioned in the introduction, OM is cone-
friendly, meaning that each ray through the origin intersects OM at most
once. We define the pizza as the cone of OM to oc:

P={tp|pe oM, t > 1} U{cc}. (7)

We have M NP = OM. The union M U P is Boy’s surface. We get Boy’s
surface by attaching an embedded disk to an immersed Moebius band along
the topological circle OM = M N P. Hence M U P is an immersed projective
plane. M U P has the 6-fold symmetry discussed at the end of §2.

We now look more closely at P, with a view towards making the cone-
friendliness of M more transparent. P is made from 18 topological triangles,
the pizza slices, one per edge of IM.

same curve, offset for viewing purposes

Figure 10: The 4 slices in the XY plane and a hint of a non-planar slice

Of these, 12 lie in coordinate planes and 6 do not. Fach of the 6 non-
planar ones lies in an elliptical cone, and each cone lies in a different orthant.
Figure 10 shows the 4 pizza slices in the X'Y-plane. Figure 10 also shows the
non-planar slice contained in the + — + orthant. We are taking the double
foliation of this slice by (upward rising) rays and (3/4)-circles and projecting
it down into the XY -plane. The other pizza slices are obtained from these 5
by the symmetry discussed at the end of §2.
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7 Discussion

The Airplane Movie: The airplane flies around and produces a set H’
which is the same as H (from Equation 5) topologically and close geomet-
rically. The movie then fills in the three disks to make a set M’ which is
likewise close to M. Finally, the movie explicitly caps off M’ with embedded
(curvy) disk P’ € R?. These notes differ from the movie in several ways.

e The airplane builds H’ in a different order than we build H. If you
follow along the corridor in Figure 9, bottom to top, you are making
the airplane’s path.

e The movie does not explain why M’ is a Moebius band or why oM’ is
connected. (In general, nothing is explained or defined or discussed in
the movie; everything is exhibited.)

e The disks P’ and P differ in several ways. First, P’ lives in R®. This
breaks the 6-fold symmetry discussed at the end of §2. Second, P’
seems to be smoother than P. The cone point at oo for P is rather
complicated.

I don’t mean to suggest that these unexplained things are deficiencies in the
movie. The movie is amazing, and it has different aims than these notes.

Intrinsic Flatness: The abstract Moebius band M~ is a developable sur-
face, as indicated by Figure 9. The universal cover M* of M* is an infinite
topological strip. The symmetries discussed at the end of §2 all correspond
to symmetries of M*. For instance, the order 3 isometry of R? which cycles
the coordinates lifts to give a glide reflection of M*. The cube of this glide
reflection is the generator of the deck transformation group.

When we think of 9M* as a curve in the boundary of an intrinsically flat
Moebius band, it has total geodesic curvature 97. In particular, OM™ is not
a paper Moebius band in the sense of [Sch2]. However, the situation here
does raise an optimization question. How much can you decrease the total
geodesic curvature by applying an ambient homeomorphism of R® which
retains the intrinsic flatness of M* and also the cone-friendliness of M ?

It is also worth mentioning that the intersection PNR? is also intrinsically
flat. However, the geodesic curvature of 0P, with respect to P, is rather
complicated on the non-planar pizza slices. So, M U P has a strange intrinsic
geometry along parts of M N P.
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8 Build Your Own

Here is our kit for building M. The kit is set up in such a way that you don’t
need to glue in 3 round disks. These come pre-attached.

Step 0: On cardstock, print 3 copies each of the next 2 pages.

Step 1A: Cut out all 3 copies of the piece which matches Figure 6. On
the first copy, cut along all solid lines. On the second copy, cut only along
the long solid line. Cut the third copy in half horizontally, then cut on the
vertical dotted lines. I found it useful to extend the cuts just a tiny bit, to
make it easier to fit the pieces together all the way.

Step 1B: Take the two whole central pieces and slide them together along
the cut slits. Tape together. Now slot in the two halves of the central piece
to finish the octacross. Tape everything together as needed to make it firm.

Step 2A: Cut out the 6 strips and then cut along the dotted lines. Be
sure to include the thin rectangles on the left side of each strip. I will ex-
plain these in the next step. Cut out the 3 pieces made from a C-shaped
annulus and the central disk, then cut along all dotted curves. (Note: Don’t
separate the central disk from the annulus.) The short crosscut on each an-
nulus is just an access cut, to help you make the longer curved cut.

Step 2B: Slot two of the strips into one of the C shaped annuli along the
cut slits, then tape together as needed. Finally, tape the access cut shut.
This makes one crossbridge together with the central disk already attached.
Now repeat for the other two crossbridges. One technical note: The extra
thin rectangle on the end of the strips is something like a tab. The lengths
of the strips are not precisely the same as the length of half the core curve,
and this extra tab is supposed to absorb the mismatch.

Step 3: Join each crossbridge-plus-disk to the octacross as discussed in §5.
Tape together as needed. The disk part of the crossbridge-plus-disk should
fit together with the relevant curved edge of the octacross. Note: if you want
the disks to appear just as in Figure 1, you have to take care about the orien-
tations when you do this step. As with Ikea instructions, these instructions
allow you to get the orientations subtly wrong.
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9 A Rectilinear Model

Figure 11 shows a version of Figure 8 using alternate rectilinear models for
the octacross, crossbridge, and disk.

Figure 11: Rectilinear models for the octacross, crossbridge, and disk.

The rectilinear pieces have especially nice thickenings:

e The octacross sits inside a union of 7 cubes.
e Each crossbridge sits inside a C-shaped chain of 9 cubes.

e Each square disk sits inside a union of 4 = 2 x 2 cubes.

The union €2 of these 7 pieces is a topological ball made from 46 cubes.
Letting M"“ denote our rectilinear model for M, we have M" C Q and
OM" C 0Q. We give an explicit description. Let @, denote the square of
side-length 7 centered at (3, —3). Scaling appropriately, we have

Q=Qxy UQyzUQzx, M" = M3y UMy, UMy, (8)

Oxy = Q4 x [-1,1], MYy = (Qq4 x {0}) U (0Q3 x [-1,1]).

() is the union of three 8 x 8 x 2 slabs, whose intersection is the 2 x 2 x 2
cube centered at the origin. €2 looks like a cubical head with 3 big ears.

This analysis points out some flexibility in how we add the final disk to
cap off Boy’s surface. The complement S® — € is also a ball, and OM" is
an embedded loop on the boundary. So, topologically speaking, it is easy to
extend OM" to an embedded disk in S® — Q. The coning construction, which
works in this model as well, does it in a canonical way.

Q is tiled by 368 = 46 x 8 unit cubes whose intersection with M is a
union of 1, 2, or 3 adjacent faces. Thus, you could build (€, M") by taking
368 cubes, suitably painting their faces, and sticking them together.
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